QB365-Question Bank Software

APPLICATIONS OF DERIVATIVE

SOME IMPORTANT FORMULAE/ KEYCONCEPTS

1. RATE OF CHANGE OF QUANTITIES

Whenever one quantity y varies with another quantity x, satisfying some rule

y =f(x) , then® (or f'(x)) represents the rate of change of y with respect to x and
dx

My T

Lo |

(or f '(x0)) represents the rate of change of y.with respect to x at x = xo.

X=X

EXAMPLE :
QUESTION :The radius of a circle is increasing/at the rate of 0.7 cm/s. What is the
rate of increase of its circumference? (CBSE 2011)

SOLUTION :Let any instant of time £, the radius of ¢irCle = ¢
Then, circumference C = 7'

Diff. Both sides w.r.t t, we get

dc

d dr
— - —(2nmr)= 27—
a a a

dr
— = 0.7cm /s

dt

R dC7= 2nx 0.7 =1.4nem /s
Here, «

2. INCREASING AND DECREASING FUNCTIONS:

Let I be an open interval contained in the domain of a real valued function f. Then fis

said to be

(i) increasing on [ if xi<xoin I = f (x1) < f (x2) for all x1x2° L

(i1) strictly increasing on I if xi<xoin I = f (x1) < f (x2) for all x;x2° I

(ii) decreasing on Iif xi<x2inI = f (x1) = f (Xx2) for all xi x> I.

(iv)  strictly decreasing on [ if xi< xoin I = f (x1) > f (x2) for all x1, X2 1

USING THE CONCEPTS OF DERIVATIVES
(i) f is strictly increasing in (a, b) if f '(x) > O for each x * (a, b)
(ii) f is strictly decreasing in (a, b) if f '(x) < O for each x * (a, b)
(iii) A function will be increasing (decreasing) in R if it is so in every interval of R.
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For graphical representation
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EXAMPLE

QUESTION : Find the interval in‘which the function f(x)=2x3-9x2 +12x +15 is (i)
strictly increasing (ii) strictly decreasing

(CBSE2010)

SOLUTION: f(x)=2x> - 9x*>+12x +15

£2(x) = 6(x-3x+2)

(i) For strictly increasing, f’(x) > 0
6(x2-3x+2)>0
(x-1)(x-2)>0
x<lorx >2
XE (= 1)U (2.%)

so, f(x) is strictly increasing on (- .1) v (2. )

(i1) for strictly decreasing f’(x) <0
6(x2-3x+2) <0
(x-1)(x-2)<0
1<x<2
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so, f(x) is strictly decreasing on (1,2).

3. TANGENTS AND NORMALS:
e Slope of the tangent to the curve y = f (x) at the point (%o, yo) is given by

[%](Xolyo) = f’(XO))'

e The equation of the tangent at (%o, yo) to the curve y = f (x) is given by
Y = Yo = f'(%0) (X = Xo).

1
e Slope of the normal to the curve y = f (x) at (%o, Yo)= — sloped] the tangent at (oyo)
1
e Slope of the normal to the curve y = f (X) at (Xo, yo)is— )
o
e The equation of the normal (X, ¥o) to the curve y = f (x) is given by
1
—Vo=— X — Xo).
YTV m T ) T

o If slope of the tangent line is zero, then tan B = 0 and so 6 = 0 which means the
tangent line is parallel to the x-axis. In,this case, the equation of the tangent
at the point (%o, ¥o) is given by y = yo:

o IfO— g , then tan 6—00, which means the tangent line is perpendicular to the

x-axis, i.e., parallel to they-axis. In this case, the equation of the tangent at (%o,
Vo) is given by X = Xo.

EXAMPLE

QUESTION: Find the equation of normal to the curve y = x3 +2x+6 which are parallel
to the line x+14y +4 = 0.

SOLUTION:

3
y =x + 2x+ 6

dy )
= (3x +2)

dx

vz 19
-‘-' —-

Lad

Slope of the tangent at (x1, y1) =
3
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Slope of normal at point (x1,y1) =

Slope of the given line is
14

According to the given condition,
Slope of normal = Slope of line

-1 -1

3x, + 2 14

xl=i2

When x1=2 y1=18
When xi1=-2 y1=-6
Equation of normal at (2,18) is

y-18=_1(x-2)

14

x+14y=254 ---(1)

Equation of normal at (-2,-6) is y+6= l(x+2)
14

x+14y+86=0

4. Approximations:
f(x+ Ax) =f(x) + Ay
=~ f(x) + f'(x) Ax

(as dx = Ax)

e Increment Ay in the function y = f(x) corresponding to increment A x in X is

ven b dy
given by Ay = T AX.
dx

: : Ay
e Relative error in y =—.

A
e Percentage error in y =7y x 100.
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EXAMPLE
QUESTION: Evaluate m(CBSE 2012)

SOLUTION: . o/ v =87 and Jx =0.5

. . . Ay = dy
using approximation

dy
V8l .5 = — . +Vx
dx

5. MAXIMA AND MINIMA:

e Let f be a function defined on an interval I. Then
(@) fis said to have a maximum value in I, if there exists a point c in I such that

f(c)2f(x), for all x* L.

e The number f (c) is called the maximum value of f in I and the point c is called

a point of maximum value of fin I.

(b) fis said to have a minimum value in I, if there exists a point c in I such that

f(c) =f(x), for all x* 1.

e The number f (c), in this case, is called the minimum value of f in I and the
point c, in this case, is called a point of minimum value of f in I.
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e f(x) is said to have an extreme value in I if there exists a point c in I such that f
(c) is either a maximum value or a minimum value of f in I.

e The number f (c), in this case, is called an extreme value of f in [ and the point
c is called an extreme point.

Absolute maxima and minima

e Let f be a function defined on the interval I and c° 1. Then
(a) f(c) is absolute minimum if f(x) > f(c) for all x* L.
(b) f(c) is absolute maximum if f(x) < f(c) for all x* L.
(c) ¢ lis called the critical point off if f'(c) =0
(d) Absolute maximum or minimum value of a continuous function f on [a, b] occurs
at a or b or at critical points off (i.e. at the points where f 'is zero)

. If c1,co, ..., cn are the critical points lying in'[a_, b], then

e absolute maximum value of f = max{f(a), f(c1), f(c2)s... , f(cn), f(b)}
and absolute minimum value of f = min{f(a), f(c1), f(c2); ... , f(cn), f(b)}.
Local maxima and minima

. (a)A function f is said to have a local maxima or simply,a maximum vaJue
at x aif f(a £ h) < f(a) for sufficiently small h

. (b)A function f is said to have a local minima or simply a minimum value at

x = a if f(a + h) = f(a).
e ** First derivative test :A function f has a maximum at a point x = a if
(i f'(a) = 0, and
(ii) f '(x) changes sign from + ve to —ve in the neighborhood of ‘@’ (points taken
from left to right).
However, f has a minimum at x = a, if
(i) f'(a) = 0, and
(ii) f'(x) changes sign from —ve to +ve in the neighborhood of ‘a’.
If f'(a) = 0 and f'(x) does not change sign, then f(x) has neither maximum
nor minimum and the point ‘@’ is called point of inflection.
3

[fixa=x

X’ — = > X
point af inflection

Y
. The points where f '(x) = O are called stationary or critical points. The
stationary points at which the function attains either maximum or minimum
values are called extreme points.
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Second derivative test

(i) a function has a maxima at x=a if f '(x) =0 and f" (a) <O
(ii) a function has a minima at x =a if f '(x) = 0 and f "(a) > O.

EXAMPLE

QUESTION: If length of three sides of a trapezium other tham base is equal to 10cm
each, then find the area of the trapezium when it is maximum.

SOLUTION: The required trapezium is as given in Fig below. Draw perpendiculars DP
and CQ on AB

D 10 cm C
&
S G
~ [$
%
A [ ]
xem P 10 em Q xecm B

A APD is congruent to A BQC

Let AP =BQ=xcm

2
DP:QC:\(/Zoofx
2
A.area of trapezium = (x +10) \(200 - x

—2x —10x+100
2
\[/;OO—x

4'(x)=0= x =25

A'(x) =

7
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2x —300x-100
A"(x) =

Thus the area of the trapezium is maximum at x=5

Area= 75\/Ecm2

IMPORTANT BOARD QUESTIONS
4 MARK QUESTIONS

1. A balloon, which always remains spherical, has a variable diameter 3—(2 x + 1). Find the rate
2

of change of its volume with respect to x. (CBSE 2008)
SOLUTION: D = 2 2x+1)
3
r=7 (2x+1)
Volume of spherical balloon = %nr3

Vzgn E(Zx + 1)]3

dvV 9w

o 2

I 16[3(2x+1) 1.2
dV_ 277‘[(2 + 1y
dx 8 ¥

2. The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of increase of its

circumference? (CBSE 2011)
SOLUTION : Let any instant of time t, the radius of circle =r

Then, circumference C= 2=«

Diff. Both sides w.r.t t, we get

d dr
—— —(2nr)= 27 —
d d d

8
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dr

Here’ ;: 0.7cm /s

LT =2nx0.7=1.4nem /s

3Find the interval in which the function f(x) = (x+1)3 (x-1)3 is
(i) strictly increasing (i) strictly decreasing (CBSE2010)
SOLUTION:f(x) = (x+1)*(x-1)*
£(x) = 6(x+1)*(x-3)*(x-1)
(1) For strictly increasing f’(x) >0
6(x+1)%(x-3)%(x-1)> 0
x-1>0
x> 1
XE (1= )
so, f(x) is increasing on . =)
(i1) for strictly decreasing f'(x) < 0
6(x+1)4(x-3)*(x-1)< 0
(x-1)<0
x<l1
Xe (—» .1)

s0, f(x) is decreasing on (- .1)

4. Find the interval in which the function f (x) =sinx +cosx, 0< x < 2n is strictly increasing or

strictly decreasing (CBSE 2009)

SOLUTION: f (x) =sinx +cosx
f’(x) = cosx — sinx

£(x) =2 sin | = x|

L4 )
9
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(i) For strictly increasingf’(x) > 0

'\/Z_Sin \(”—7 x\|>0

L4 )

-\/Z_Sin(xf ”_\\<0

N 4 )
V4
T < x—"—<2nx
4
Sxm oOrn
< x < —
4 4

Srx
— < x <2z

. . . . T (57 3\
s0, f(x) is strictly increasing on (o.—) v | — .27 |

4 L4 )

(i1) for strictly decreasing £*(x) <0

\/2_sin \(”—7 x\|<0

L4 J

—\/2_sin |[x— ﬂ_\\>0

N 4 )

O<x—-——<n=x

— < x <

57 )

.. . (
so, f(x) is increasing on | —, — |
L4 4)

5. Find the equations of all lines having slope 0, which are tangent to the curve ,, _ _
x —2x+3

SOLUTION: , . '

2
x —2x+3

10
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dy —(x -1
—_— = -0
2 2
dx (x —2x+ 3)
=1
1
y =
2

Equation of tangent

y-1/2=0
y=1/2
6. . Find the equation of tangent and normal to the hyperbola = B y—zz 1 at the point (xo,y0)
a b
SOLUTION:
x 2 y 2
_ =1,
a b ’

a b dx
2
dy b x
- 2
dx a y
2
dy b x,
(), = =m
dx a y,
2
b x,
Yoy, = (x = x )
a y
2 2 2 2 2 2
a yy - a y, = b xxo—b X,
Equation of tangent
2
xx() yy(l xO yO
_ R + -1
2 2 2 2
a b a b
Equation of normal
-1
y -y, = ) (x = x )
b x
0
a’y0
Equation of Norm al
Y-y, x - x,
+ =0
2 2
a y, b X

7. Find the approximate value of f(5.001)where f(x) = x* — 7x? +15
SOLUTION:
11

QB365-Question Bank Software




QB365-Question Bank Software

YA AY ZH5.001) .o (])

x =5 Ax=0.001

R 29 IO /)
(D) —(2) = 4y =£(5.001) - f(x)
1(5.001) =4y + fix)

dy
= —.d + f(5)
dx

= (3x%-14 x).4x — 35
= (3.52-70).0.001 - 35
=0.005-35

=-34.995

8. If the radius of sphere is measured as 7 mtr with error of 0.02 m, than find the approximate
error in calculating its volume.

SOLUTION:
r=7m,dr=0.02m

V =4/3

dv 4 5 5
dV =—ad = —7z3r d =477 0.02
dr 3

dV=3.92n m?

9. The length x of a rectangle is decreasing at the rate of S cm/min and the width y is increasing at
the rate of 4 cm/min. When x=8 cm and y=6 cm, find the rates of change of (i) Perimeter (ii) area
of the rectangle. (CBSE 2009)

SOLUTION:
Let at any instant of time t,

Perimeter, P=2 ( x +y ) and Area, A = xy

: dx
leen, — —5cm  / min and —— = 4cm / min
d d

12
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HP=2(x+y)

dPp (dx dy
= — =2 —+—|=2(-5+4)=-2an /min
dt L dt dt )

Therefore, Perimeter of rectangle is decreasing at the rate of 2 cm/min

(i1)Here, A = xy , Diff. w.rtt, we get

— 8.(4)+ 6.(=5) = 2cm _ /min

dx
+y
dt

Therefore Area of the rectangle is increasing at the rate of 2 cm?/min

10. A ladder Sm long is leaning against a wall. Bottom of ladder is pulled along the ground away
from wall at the rate of 2m/s. How fast is the height on the wall decreasing when the foot of
ladder is 4m away from the wall? (CBSE 2012)

SOLUTION:

Let ACisa ladder,% = 2m/s so for Z—i’ at x=4m
(AB)*+ (BC)? = ( AC)?
x% +y? = 25,x=4 then y =3

diff. w.r.t. t both sides

dx d d dy -8
We get 2x— + 2y—y —0 s04x2+# 3xZ = 0,_3’ = m/s,
dt dt dt dt 3

Hence height on the wall is decreasing at the rate of g m/s

6 MARK QUESTIONS

2 2
x y

+ =1
2 2
a b

1 Find the area of the greatest rectangle that can be inscribed in an ellipse

(CBSE 2013)

A
SOLUTION: Y-Axis

Let (acos, bsinf) parametric coordinate of ellipse where 0 is an eccentric angle

(-acosB,bsinB) B 0 bsin®
Length of AB = 2acosb (acosb,bsinb)
/ X-Axis

Length of AD =2bsinf < 0
(-acos0,-bsin0) C D(acos0,-bsind)

13
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Area of rectangle ABCD = 2acos6. 2bsinf
=2absin20
Area of rectangle is greatest when sin20 is greatest
sin20 =1
so  20=90°
0=45"°

Area of greatest rectangle = 2ab when 0 =45°

2. A window is in the form of rectangle surmounted by a semicircular opening. The total perimeter of the
window is 10 m. Find the dimensions of the window to admit maximum sunlight through the whole

opening. Explain the importance of sunlight. (CBSE2011)
SOLUTION:

Let length of rectangle =2 x, Let breadth of rectangle =y
2x+2y+T[x=10
Y= (10-2x-TIx)/2 ycm

Finding area A, dA/dx, d*A/dx

Put dA/dx =0 we get x=-10/ (T]+4) X cm
d?A/dx = - (T]+4) <0 maximum area
y =10/ (TT+4)

Comments on importance of sunlight
3. Find the point on the curve y2= 2x which is at minimum distance from the point (1,4)
(CBSE 2009, 2011)
SOLUTION:

Let P(x,y) be any point y>= 2x and M(1,4)

PM=\/<x—1>Z (v -4)

:\/x2+y272)«f78y+17

14
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Letz= PM?
[y )
Z=|—( — 8y + 17
L2
dz 5 dzz )
=y -8 and = 3y
dy dy2

=12 > 0,itis minimum
dy

Yz =2x — x=2

PM is least when point is (2,2)

4. Show that the semivertical angle of a cone of maximum volume and of given slant height is

tan~1+/2.(CBSE 2008,2011)
SOLUTION:

Let V be the Volume of the cone, then
:im,z j =>12 :7%2(;,412 %)

2
For max.or min %20 => 213 (2PP-3r’)=o0

= 2P=3r7
= [P=3r7/2

2

T
or, h’=—
2
dv? r2
Also, —<o at h=—
dr 2

Now Z _ an o therefore a=tan™1+/2
h

r

r= radius ,h= height | =slant height

a=semi vertical angle

15
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5. Show that the height of cylinder of maximum volume that can be inscribed in a sphere of radius

2R
Ris —. (CBSE 2012, 2013)

V3.

SOLUTION:
Let h be the height of the cylinderhaving radii us rand R be the radius of the sphere.

Let V be the volume of the cylinder.

2
&zV’=nr2h=nd¥n—%ﬂh ~TRh- I

av
For max. volume,a =0

2
n(R-25) =0
_2R
h= V3
Also, Y o ath=2%

2
dh \3

2R

VA

There fore the required height =

HOTS

4sin@ . . . . . T
— 6 is an increasing function in 0,5 .

(2+cos0)

1. Provethat:y=

( HINT: Find% and show that it is >0 )

2. Prove that the curves x = y? and xy = k are orthogonal if 8k*=1

( HINT: If the curves are Orthogonal , the tangents at point of intersection to the given curves
are perpendicular i.e the product of slopes of the tangents = -1)

3. Prove that the volume of the largest cone that can be inscribed in a sphere of radius a is;i7 of the

volume of the sphere.

16
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4. Find the sub intervals of [0, g] in which the function
f(x) = sin*x + cos*xis
(1) strictly increasing (ii) strictly decreasing.
2 2
5. Find the maximum area of the isosceles triangle inscribed in the ellipse % + 2’—2 = 1 with its

vertex at one end of the major axis
6. Show that the semi-vertical angle of the right circular cone of given total surface area and

. . . 1
maximum volume is sm‘lg'
7. Show that the volume of thegreatestcylinder that can be inscribed in acone of height h and semi

: 4
vertical angle a is ;nh3 tan’a.

X

8. Find the point on the curve y = where the tangent to the curve has the greatest slope.

1+x2’
9. Find the value of p for which the curves x? = 9p(9 — y) andx? = p(y + 1) cut each other at
right angle.
10. Find the equation of the tangent to the curve
y = mat the point where it cuts the x-axis

17
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