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Chapter - Integral        

Key Concepts 

Integration is the reverse process of differentiation 

e.g. If
𝑑𝑑𝑥 (𝑠𝑖𝑛𝑥) = 𝑐𝑜𝑠𝑥  𝑡ℎ𝑒𝑛 ∫ 𝑐𝑜𝑠𝑥𝑑𝑥 =   𝑠𝑖𝑛𝑥 + 𝑎𝑛𝑦 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

(A)Indefinite Integrals
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(B) General Properties of Definite Integrals.
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(C) Integration by parts

*      dx.

dx

du
dx.vdx.v.udxv.u

(Here u is considered as first function and v is considered as 

second function)  

Note: 
(1) We can use the order  ILATE for sequencing the first function and second function, where

I = Inverse Trigonometric functions

L = Logarithmic functions

A = Algebraic functions

T = Trigonometric functions

E= Exponential functions

(2) If the Integrant contains only one function, we take that function as the first function and 1 as

the second function. 
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(D) Integral as a limit of a sum

 

∫ 𝑓(𝑥)𝑑𝑥 =   limℎ→0 ℎ { 𝑓(𝑎) + 𝑓(𝑎 + ℎ) + ⋯  +  𝑓(𝑎 + 𝑛 − 1̅̅ ̅̅ ̅̅ ̅)ℎ }𝑏𝑎 wherenh=b-a ∫ 𝑓(𝑥)𝑑𝑥 = (𝑏 − 𝑎)  lim𝑛→∞ 1𝑛 { 𝑓(𝑎) + 𝑓(𝑎 + ℎ) + ⋯  +  𝑓(𝑎 + 𝑛 − 1̅̅ ̅̅ ̅̅ ̅)ℎ }𝑏
𝑎  

 
(E)Special types of Integration 

(1) Evaluation of Integrals of the form  ∫ 𝟏𝒂𝒙𝟐+𝒃𝒙+𝒄 𝒅𝒙  𝒐𝒓 ∫ 𝟏√𝒂𝒙𝟐+𝒃𝒙+𝒄 𝒅𝒙 

Express  𝑎𝑥2 + 𝑏𝑥 + 𝑐  as a  sum or difference of squares of two  𝑥2 ±  𝑎2 

(2)Evaluation of Integrals of the form   ∫ 𝒑𝒙+𝒒𝒂𝒙𝟐+𝒃𝒙+𝒄 𝒅𝒙  𝒐𝒓 ∫ 𝒑𝒙+𝒒√𝒂𝒙𝟐+𝒃𝒙+𝒄 𝒅𝒙 

Express 𝑝𝑥 + 𝑞 =   𝐴 𝑑𝑑𝑥 (𝑎𝑥2 + 𝑏𝑥 + 𝑐) + 𝐵 which reduces to any one of standard form 

 

(3)Evaluation of Integrals of the form   

∫ 𝟏𝒂𝒔𝒊𝒏𝟐𝒙 + 𝒃𝒄𝒐𝒔𝟐𝒙  , ∫ 𝟏𝒂 + 𝒃𝒄𝒐𝒔𝟐𝒙  , ∫ 𝟏𝒂 + 𝒃𝒔𝒊𝒏𝟐𝒙  , ∫ 𝟏𝒂𝒔𝒊𝒏𝟐𝒙 + 𝒃𝒄𝒐𝒔𝟐𝒙 + 𝒄  , ∫ 𝟏(𝒂𝒔𝒊𝒏𝒙 + 𝒃𝒔𝒊𝒏𝒙 )𝟐 

To evaluate these types of integrals we have to do the following: 

(i) Divide both numerator and denominator by 𝑐𝑜𝑠2𝑥 

(ii) Put   𝑡𝑎𝑛𝑥 = 𝑡 𝑎𝑛𝑑 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑦  which reduces the integral of the form ∫ 1𝑎𝑡2+𝑏𝑡+𝑐 𝑑𝑥 

(4)Evaluation of Integrals of the form   ∫ 1𝑎𝑠𝑖𝑛𝑥+𝑏𝑐𝑜𝑠𝑥 𝑑𝑥 ,∫ 1𝑎+𝑏𝑐𝑜𝑠𝑥 𝑑𝑥,      ∫ 1𝑎+𝑏𝑠𝑖𝑛𝑥 𝑑𝑥,       ∫ 1𝑎𝑠𝑖𝑛𝑥+𝑏𝑐𝑜𝑠𝑥+𝑐 𝑑𝑥 

To evaluate these types of integrals we have to do the following: 

(i)  Put 𝑠𝑖𝑛𝑥 =  2𝑡𝑎𝑛𝑥21+ 𝑡𝑎𝑛2𝑥2    ,   𝑐𝑜𝑠𝑥 =  1− 𝑡𝑎𝑛2𝑥21+ 𝑡𝑎𝑛2𝑥2 

(ii) Replace 1 +  𝑡𝑎𝑛2 𝑥2   =  𝑠𝑒𝑐2 𝑥2 

(iii) Put     𝑡𝑎𝑛𝑥 = 𝑡 𝑎𝑛𝑑 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑦 𝑖𝑡. 
(5)Evaluation of Integrals of the form   

∫ 𝒆𝒙{𝒇(𝒙) +  𝒇′(𝒙)}𝒅𝒙 =  𝒆𝒙 𝒇(𝒙) + 𝒄 
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(6) Evaluation of Integrals of the form   

S. No.  Form of Integrals Substitution 

1 ∫ √𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄  𝒅𝒙 Convert to the form 

22

ax   or 
22

ax  or

22

xa   

2 ∫ (𝒑𝒙 + 𝒒)√𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 Convert (𝒑𝒙 + 𝒒)=  

A 
𝒅(𝒂𝒙𝟐 +𝒃𝒙+𝒄𝒅𝒙  + B 

 

 (7) To evaluate the integrals  of the form of rational function: 

S. No. Form of rational function Form of partial fraction 

1 𝑝𝑥 + 𝑞(𝑥 − 𝑎)(𝑥 − 𝑏) 
𝐴𝑥 − 𝑎 + 𝐵𝑥 − 𝑏 

 

2 𝑝𝑥 + 𝑞(𝑥 − 𝑎)2 
𝐴𝑥 − 𝑎 + 𝐵(𝑥 − 𝑎)2 

3 𝑝𝑥2 + 𝑞𝑥 + 𝑟(𝑥 − 𝑎)(𝑥 − 𝑏)(𝑥 − 𝑐) 

𝐴𝑥−𝑎 +  𝐵𝑥−𝑏 + 
𝐶𝑥−𝑐 

4 𝑝𝑥2 + 𝑞𝑥 + 𝑟(𝑥 − 𝑎)2(𝑥 − 𝑐) 
𝐴𝑥 − 𝑎 +  𝐵(𝑥 − 𝑎)2 + 𝐶𝑥 − 𝑐 

5 𝑝𝑥2 + 𝑞𝑥 + 𝑟(𝑥 − 𝑎)(𝑥2 + 𝑏𝑥 + 𝑐) 
𝐴𝑥 − 𝑎 + 𝐵𝑥 + 𝐶 (𝑥2 + 𝑏𝑥 + 𝑐) 

 
Note; (1)If degree of Numerator polynomial ≥ degree of Denominator polynomial then first we 

divide Numerator by Denominator  and express it in the form of Quotient + Proper fraction 

e.g. 
𝑥3𝑥2−5𝑥+6 = (𝑥 + 5) + 19𝑥−30𝑥2−5𝑥+6 =  (𝑥 + 5) + 19𝑥−30(𝑥−2)(𝑥−3)  and simplify it. 

(ii)  Thumb Rule : For 
𝑝𝑥+𝑞(𝑥−𝑎)(𝑥−𝑏) = 𝐴𝑥−𝑎 + 𝐵𝑥−𝑏 

First we put x = a to find numerator of (x – a) and hide the (x-a) put x = b to find numerator of (x 

– b)   𝑖. 𝑒     𝐴 = 𝑝𝑎+𝑞𝑎−𝑏 , B =  𝑝𝑏+𝑞𝑏−𝑎  

( A(x-b) + B(x- a) = px+q𝑖. 𝑒 𝐴 = 𝑝𝑎+𝑞𝑎−𝑏 , B =  𝑝𝑏+𝑞𝑏−𝑎   This is known as Thumb Rule 
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Important Board  Questions 

(A) Indefinite Integrals 

 

1. Evaluate   ∫  (5x +3)/ √(𝒙𝟐  + 𝟒𝐱 + 𝟏𝟎)      )      dx 

Solution. . 5x + 3 = A d/dx(x2 +4x +10) + B 

A(2x + 4) + B 

     = A = 5/2 , B = -7         

I = 5/2   ∫   2x + 4/ √(x2 +4x +10)   dx – 7∫ dx/ √(x2 +4x +10)    

Getting I = ∫5/2  √(x2 +4x +10)    - 7 ∫ dx/ √(x+2)2 +(√ 6)2   

Getting I = ∫5/2  √(x2 +4x +10)    - 7 log|x + 2 + √(x2 +4x +10|  

2. Evaluate the following: 
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3.  Evaluate   ∫ (𝐱 – 𝟒) 𝐞𝐱(𝒙−𝟐)𝟑 dx.      

Solution:- 

I = ∫  (x – 2 - 2 ) ex/(x – 2)3 dx  =  ∫ex [1/(x – 2 )2 – 2/(x – 2)3 ]   dx      

  Taking f(x) = 1/(x – 2 )2 & f’(x) = – 2/(x – 2)3       

using formula  ∫ex (f(x) + f’(x))  dx  = ex f(x) + C   =>  I = ex / (x – 2 )2+ C 

4. 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∶   ∫ [𝐥𝐨𝐠(𝒍𝒐𝒈𝒙) +  𝟏(𝒍𝒐𝒈𝒙)𝟐] 𝒅𝒙                                      

  Sol :   letlog x=t, x= 𝑒𝑡,dx= 𝑒𝑡dt ∫ [log 𝑡 + 1𝑡2] 𝑒𝑡 𝑑𝑡         
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 ∫ 𝑒𝑡 [(log 𝑡 + 1𝑡) − (1𝑡 − 1𝑡2)] 𝑑𝑡      𝑒𝑡 𝑙𝑜𝑔𝑡 − 1𝑡 . 𝑒𝑡 + 𝑐. 

x log(log x) − 𝑥log 𝑥 + 𝑐 

5. Evaluate 

 
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1
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1
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x x
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(A) Definite Integrals 

(1) Evaluate  ∫ 𝐥𝐨𝐠(𝒔𝒊𝒏𝒙) . 𝒅𝒙𝝅𝟐𝟎  

𝐿𝑒𝑡  𝐼 =  ∫ log(𝑠𝑖𝑛𝑥) . 𝑑𝑥𝜋2
0  
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(B) 

2 2
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1
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2 2

1
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2 2

l o g 2

2

I x d x x d x

I x d x x d x

x d x d x

t d t
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 

 

 
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  
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 





 

2. Evaluate     
/ 4

0



  

Let I =∫ log(1 + 𝑡𝑎𝑛𝑥) 𝑑𝑥𝜋/40  

= ∫ log {1 + tan (𝜋4 − 𝑥)} 𝑑𝑥𝜋/40  

I =∫ log {1 + 1−𝑡𝑎𝑛𝑥1+𝑡𝑎𝑛𝑥} 𝑑𝑥𝜋/40  

=∫ log ( 21+𝑡𝑎𝑛𝑥) 𝑑𝑥𝜋/40  

        =∫ log 2𝑑𝑥 − ∫ log(1 + 𝑡𝑎𝑛𝑥) 𝑑𝑥𝜋/40𝜋/40  

I =log2∫ 1𝑑𝑥𝜋/40 -  I 

   2I = log 2 (
𝜋4 − 0) 

     I = 
𝜋8log 2  

3.Evaluate   

4

1

321 dxxxx

 

Solution:- 
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



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
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
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dxxxxdxxxxdxxxxdxxxx

bdcadxxfdxxfdxxfdxxft hatknowW e

xi fx
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xi fx

xxxxf

c

a

d

c

b

d

b

a

 

4.   Evaluate∫ 𝒙 + 𝒔𝒊𝒏𝒙𝟏 + 𝒄𝒐𝒔𝒙𝝅𝟐𝟎  dx 

Solution:- 

2

2

0
2

0

2 s i n c o s
s i n 2 2

(1 )

1 c o s
2 c o s

2

x x
x

x x
d x d x

xx



 


        


 

 

   =  
2

22

0

0

1
s e c t a n (1 )

2 2 2

x x
x d x d x





           

By solving further we get given =           

 

t a n ( 2 )

2 4 2

  
               

 

5.  Evaluate ∫   𝐱 𝐭𝐚𝐧 𝐱𝐒𝐞𝐜 𝐱.𝐂𝐨𝐬𝐞𝐜 𝐱     𝐝𝐱𝝅𝟎  

.     Let I =  ∫   x tan xSec x.Cosec x     dx𝜋0  = ∫ x . sin2x  dx𝜋0  =>  I =    ∫ (π − x) . sin2x  dx𝜋0   

  

=> 2I =   ∫ x . sin2x  dx𝜋0  Solving to get       I = 𝜋 2 / 4 

 

6.  

∫
 

2

0

2 l o g s i n l o g s i n 2x x d x




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Solution: 

22

0

s i n
l o g

2 s i n c o s

x
I d x

x x



 
  

 


 

2

0

t a n
lo g

2

x
I d x



 
  

 


 

2 2

0 0

t a n

c o t2
l o g l o g

2 2

x

x
I d x I d x

   
  

  
     
   
 
 

 

 

2 2

0 0

t a n c o t 1
2 l o g l o g

2 2 4

x x
I d x d x

 

     
      

     
 

 

l o g

4 4

I
  

  
 

 HOTS 

  

2. 

1. Evaluate  ∫ 𝒙𝟐𝟏+𝟓𝒙 𝒅𝒙𝟐−𝟐
 

 

Solution:  let I  =∫ 𝑥21+5𝑥 𝑑𝑥2−2   …    (i)
 

 ∫ (2+(−2)−𝑥)21+5(2+(−2)−𝑥) 𝑑𝑥2−2 Using  


a

a

dx  f ( x) = 











a

0

 x.off unct i on even an  i s f ( x) i f f ( x) dx,2  

I  =  ∫ 𝑥25𝑥1+5𝑥 𝑑𝑥2−2  …   (ii) 
Adding equation (I and (ii) , we get  

2I  =∫ 𝑥2𝑑𝑥2−2 =   163  

I  =
83 

2. Evaluate  ∫ 𝐜𝐨𝐭−𝟏(𝟏 − 𝒙 + 𝒙𝟐) 𝒅𝒙𝟏𝟎  

Let  𝐼 =  ∫ cot−1(1 − 𝑥 + 𝑥2) 𝑑𝑥10  = ∫ tan−1 11−𝑥+𝑥210  dx 
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∫ tan−1 𝑥+(1−𝑥)1−𝑥(1−𝑥)  𝑑𝑥 =  10 ∫ tan−1𝑥 𝑑𝑥 10  +  ∫ tan−1(1 − 𝑥 )𝑑𝑥 =  10 2 ∫ tan−1𝑥𝑑𝑥  10  

=2{[xtan−1𝑥]
10 - ∫ 𝑥1+𝑥2 𝑑𝑥  10 }= 2𝜋/4   - (log|1 + 𝑥2|)10 = 

𝜋2 – log2. 

𝟑.  Evaluate ∫ 𝒙𝟐(𝒙𝒔𝒊𝒏𝒙+𝒄𝒐𝒔𝒙)𝟐 dx                     Ans.  
𝒔𝒊𝒏𝒙−𝒙𝒄𝒐𝒔𝒙𝒙𝒔𝒊𝒏𝒙+𝒄𝒐𝒔𝒙   + C 

4.   Evaluate ∫ 𝟏√𝒔𝒊𝒏𝟑    𝒙  𝒔𝒊𝒏(𝒙+𝜶)  dx                Ans. -2cosec𝜶√(𝒄𝒐𝒔𝜶 + 𝒄𝒐𝒕𝒙 𝒔𝒊𝒏𝜶)  + C 

5.   Evaluate ∫ 𝒔𝒊𝒏𝒙−𝒙 𝒄𝒐𝒔𝒙 𝒙(𝒙+𝒔𝒊𝒏𝒙 )  dx                          Ans  log|𝒙| − 𝒍𝒐𝒈 |𝒙 + 𝒔𝒊𝒏𝒙| + 𝒄 

6.    Evaluate     ∫ |𝒙 𝒄𝒐𝒔𝝅𝒙|  𝒅𝒙𝟑𝟐𝟎                         Ans
𝟓𝟐𝝅 − 𝟏𝝅𝟐 

7.   Prove that  :∫ √𝒂−𝒙𝒂+𝒙𝒂−𝒂   𝒅𝒙 = 𝒂𝝅 

8.   Evaluate   ∫ √𝒕𝒂𝒏𝒙  𝒅𝒙 

Ans
𝟏√𝟐 𝐭𝐚𝐧−𝟏( 𝒕𝒂𝒏𝒙−𝟏√𝟐𝒕𝒂𝒏𝒙 ) +  𝟏𝟐√𝟐 𝒍𝒐𝒈 |𝒕𝒂𝒏𝒙− √𝟐 𝒕𝒂𝒏𝒙+𝟏𝒕𝒂𝒏𝒙+ √𝟐 𝒕𝒂𝒏𝒙+𝟏| 

9. Evaluate ∫ |𝑥3 − 𝑥|𝒅𝒙𝟐−𝟏             𝑨𝒏𝒔:       𝟏𝟏𝟒  

10. Evaluate ∫ 𝒆𝟐𝒙 𝒔𝒊𝒏𝒙 𝒅𝒙   ,    𝑨𝒏𝒔:     𝒆𝟐𝒙𝟓 (𝟐𝒔𝒊𝒏𝒙 − 𝒄𝒐𝒔𝒙 ) + 𝒄 
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