QB365-Question Bank Software
Chapter - Integral

Key Concepts

Integration is the reverse process of differentiation

d , . .
e.g. If — (sinx) = cosx then [ cosxdx = sinx + any constant

(A)Indefinite Integrals

n+l k
*J-X“dxzx . J'14dx:x+c
n +1 n¢'1 *J‘ldx |
- :ogx+c
1 [
= 2WVx + ¢ x

*
I’\/x_ *-"cxdx:cx-f—c

a

*Jaxdx= + ¢
log a
*Jsinxdx = T cos x+ ¢ *Icos xdx = sin X + c
*J'cus eczxdx=7cotx+c *J'seczxdx:tanx+c
*J'cos ecx .cot x dx = — cos ecx + cC *J'secxtanxdxzsecx+c
* _ .
.‘.COthX_logl‘SlnXl-l-c *J'tanxdx = — log |cos x‘+c: log |sec x‘+c
= -log | cosec x|
*-"sccxdx:log\sccx+tanx|+C J'cosec x dx = log | cosec x -cot x |+ C
[ x L
:logtan|—+—\+c
(2 4 )
* dx 1 X — a .
I ; 2:—log +C,1fX>a dx 2 2
x' —a 2a X +a [———==teg Ix+ Vx —a’  |+cC
X \/x-—a2
* dx 1 a + X .
[~ = o +c.ifx>a 1
X
a - X 2a a - X I%dx:sin —+ c
2 a X
*oNe o =-cost—:c
a
d 1 X 1
I = —tan —+ C,= - —cot — + C d
X 2
kT ox ? J'—:log\x+ x.+a2\+C
2 2
X Va + x
2 *
2 2 X 2 2 a 2 2
J"\/x +a dx = —Vx +a + —log|x + X + a + C )
* 2 2 2 2 x 2 2 a 2 2
j'\/x —a dc = —\Nx —a - log [x + x —a + C
2 2
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2 2 X 2 2 a2 7lx
IVa —x dx = —Va — x + sin —+ C
* 2 2 a
*
J'{fl(x)i fo(x)+ ... £, (x)}dx
%
J'f](x)dx ij'fz(x)dx + oL iJ‘f“(X)dx

JrfGod = A [f(x)dx + C

(B) General Properties of Definite Integrals.

b
*iroo o =F(b) - F(a), where F(x) = . ,
a *J'f(x)dx =J‘f(t)dx
J'f(x) dx a a
° a
*J'f(x)dx :-fb f(x)dx b ¢ b
} *J'f(x)dx :J'f(x) dx +J‘f(x) dx
b b a a c
*J'f(x) dx = J’f(a + b - x) dx
*J'f(x) dx :J'f(a—x) dx
[ 0 0
k I f(x) dx = \2]’ f(x)dx, if f(x) is an even function of x. o [
AN *J‘f(x) g = 2] f0dsif f(2a -0 = £
- ‘L 0 if f(x) is an odd function of x o {I 0
[0 if f(2a -x) = - f(x)

(C) Integration by parts

du
*J'u.vdx:u.jv.dxf“'[‘[v.dx]_.dx . . . . .
& (Here u is considered as first function and v is considered as

second function)

Note:

(1) We can use the order ILATE for sequencing the first function and second function, where
I = Inverse Trigonometric functions

L = Logarithmic functions

A = Algebraic functions

T = Trigonometric functions

E= Exponential functions

(2) If the Integrant contains only one function, we take that function as the first function and 1 as
the second function.
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(D) Integral as a limit of a sum

[ Foo)dx = limA{f(@)+f(a+h)+- + fla+n—Dh}wherenh=b-a

b
f f(x)dx = (b—a) T{i_r&%{f(a)+f(a+h)+-~- + fla+n—-1)h}

(E)Special types of Integration

1
ax2+bx+c

(1) Evaluation of Integrals of the form [ dx or |

1
————dx
vaxZ2+bx+c

Express ax? + bx + ¢ asa sum or difference of squares of two x? + a?

(2)Evaluation of Integrals of the form fap&dx or [

——dx
xZ+bx+c Jax2+bx+c

Expresspx +q = A % (ax? + bx + ¢) + B which reducesté anyione of standard form

(3)Evaluation of Integrals of the form

1 1 1 1 1
,[ asin’x + bcos?*x ,f a + bcos?*x f a + bsin’x f asin?x + bcos?’x + ¢ '} (asinx + bsinx
To evaluate these types of integrals we have to do the following:

(i) Divide both numerator and denominator by‘cos?x

(ii) Put tanx =t and simplify which reduces the integral of the form fat2+bt+c

(4)Evaluation of Integrals of the form

1 1 1 1
[— x,f dx, [———dx, [———
asinx+bcosx a+bcosx a+bsinx asinx+bcosx+c

To evaluate these types of integrals we have to do the following:

. . 2tan§ 1- tanzg

(i) Put sinx = % , COSX = %
1+ tanZE 1+ tanza

. 2 X 2 X

(ii) Replace 1 + tan S = sec”:

(iii)  Put tanx =tand simplify it.

(5)Evaluation of Integrals of the form

f () + FO}dx = e f(x) + ¢
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(6) Evaluation of Integrals of the form

S. No. | Form of Integrals Substitution
1 f [ax? +bx + ¢ dx Convert to the form
x —a’ or x +a  OF

2 [ (px + @) [ax? + bx + ¢ Convert (px + q)=

d(ax?® +bx+c
A dax thxte g
dx

(7) To evaluate the integrals of the form of rational function:

S. No. Form of rational function Form of partial fraction
1 px +q A B
(x —a)(x - b) x—a x—b
2 px +q A B
(x —a)? x—a+(x—a)2
3 px*+qx+r )y 58 ¢
(x — a)(x — b)(x — C) x—a x—-b x=c
4 px® +qx+r A 2 B N C
(x —a)*(x—c) x=a ((x—a) x-c
5 px? + qx + 71 A + Bx+C
(x —a)(x?+ bx +¢) x—a (x?2+bx+c)

Note; (1)If degree of Numerator polynomial > degree of Denominator polynomial then first we
divide Numerator by Denominator and express it in' the form of Quotient + Proper fraction

x3 19x-30 19x-30 .
€8 Zcrre (x+5)+ Y?—cxte (x+5)+ D=3 and simplify it.
(ii) Thumb Rule : For —~ 94— 2 4 B

(x—aXx—b)__x—a ;:;
First we put x = a to find numerator of (x — a) and hide the (x-a) put x = b to find numerator of (x
—b) ie A=bq g Pbta

a-b b—-a
pa+q’B _ bbtq

This is known as Thumb Rule
a—b b—a

( A(x-b) + B(x- a) = px+qi.e A =

4
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Important Board Questions

(A) Indefinite Integrals

1. Evaluate | (5x+3)//(x? +4x +10) ) dx
Solution. . 5x + 3 = A d/dx(x* +4x +10) + B
A2x+4)+B
=A=572,B=-7
[1=52 | 2x+4/N(x?>+4x +10) dx — 7] dx/ V(x2 +4x +10)
Getting I =]5/2 V(x> +4x +10) -7 [ dx/ V(x+2)* +(\ 6)
Getting I =J5/2 V(x2 +4x +10) -7 loglx + 2 +Al(x2 +4x +10|

4

0 X
2. Evaluate the following: [ —
2
(x —D(x +1)
Solution:-
4
X
—_—
I 2 x
(x = D)(x +1)
4
x 1 2x 1
= (x+1)+ - -
(x=Dx" +1) 2= 4x7 w1y 2 1)
4
x 1 2 x 1
L[ dx = [ (a = - A
I 2 b I(v+l)dx+j B dx j’ 2 dx J‘ ) dx
(x —1)(x  +1) 2(x = 1) 4(x +1) 2(x +1)
2
x 1 1 2 1 _
= +x+ —log(x —-1)—-="log(x +1)- —tan x + C
2 2 4 2

(x-4)ex

3. Evaluate [ 23

dx.

Solution:-
I=] (x=2-2)e¥(x—-2ydx = [e*[I/(x—2)-2/(x-2)] dx

Taking f(x) = 1/(x -2 )*> & f(x)=-2/(x-2)
using formula [e* (f(x) + £(x)) dx =e* f(x)+C => [=¢*/(x—2)+C

1
(logx)?

4. Evaluate : f[log(logx) + ]dx

Sol : letlog x=t, x= et dx= e'dt
f [logt + tiz] etdt

5

QB365-Question Bank Software




QB365-Question Bank Software

[ et [(1ogt +%) - (%—tlz)] dt
et logt —%.et +c.

x log(log x) — @ +c

J‘e‘ d x
(x+1)

5. Evaluate
(x2—1+1+1\
]:"'I . Ie d x
L (x+1) )
[ 2 R
:J‘| T+ 2|e d x
L(x+ 1) (x+1) )
(xfl 2 ) N
=I| + | e " dx
|x+1 + 1 2|
( € ) )

x — 1
take f (x) =
x + 1
. 2
T hen f (x) = N
(x + 1)

Now it is of the form e (s x)+ 7 (x))ax

. Sx =1
Hence I= « f(x)+c = e |x |+ ¢

Lx+1)

(A) Definite Integrals
(1) Evaluate [2log(sinx).dx

3
Let I = jlog(sinx).dx
0
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(x 3
I = Ilogsinl_—x |dx: J'log cos xdx
(2 )
0

21 = J'log cosxdx+J'log cos xdx

= Ilog sin 2 xdx - J’log 2dx

1” T
= —Jlog sin tdt — —log 2
2 2
B
1 T
= —x 2J10g sin xdx — —log 2
2 ) 2
T
= [ = - —log?2

2. Evaluate | Olog(1+tanx) dx.

0

Let1 =f0"/4 log(1 + tanx) dx
= fon/4 log{l + tan G — x)} dx

I=f:/4f3&{1 + 2

1+tanx

:fon/4 log (1+t2anx) ax

(/4 /4
=J, " log2dx — [,

log(1 + tanx) dx
I =10g2f0ﬂ/4 ldx- 1
21=10g2(§— 0)

I=%10g2

3.Evaluate} [|x - 1|+ |x - 2|+ |x - 3|]dx

1

Solution:-
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[ 4 - x, if1<x<2

\
f(x):[xfl|+X72|+x73|]={ x, if2<x<3

‘L3X_6’ if 3<x<4

We know that ,I f(x)dx =J‘ f(x)de + I f(x)dx + I f(x)dx , vhere a <c<d < b

4 2 3 4
J[x—1|+x—2|+x—3]dx:j‘[x—1|+ x—2+x—3]dx+J‘[x—1|+ x—2|+ x—3]dx+f[x—1|+ x—2|+ x—3]dx
1 1 2 3

:1'(4— x)dx + dex + j'(}x—G)dx

19

2

w .
- X + sinx
4. Evaluate[2 T—— dx

Solution:-

. , X + 2sin —cos —
x + sin x ) >

1 = , X x
- —J‘szec —dx+J‘tan —dx = = = = = = - = (1)
2 °° 2 2

0

By solving further we get given =

7 7 T
—tan —= " QA  _ ey - - - - — - — — — (2)

2 4 2

X tan x

5. Evaluate [ ———— dx

0 Secx.Cosecx

LetI= frt X tan x

T T
———  dx={( x.sin’x dx =>1= T —X).sin’x dx
0 Secx.Cosecx fO fO ( )

=] = fonx .sin’x dx Solvingtoget I=m?/4

I(2logsinx710gsin 2x)dx

f 8
QB365-Question Bank Software




QB365-Question Bank Software

Solution:

: ( sinlx Al
I=J‘log|——‘|dx
) \ZSIH)CCOSX)

: (tan x
I*J']ogl ‘dx
ol 2 )
- ( ( AR B
? ‘tanlf—x‘l ?
L2 ) (cotx )
I:J‘log‘ |dx:I:I10g| ‘dx
oo 2 | . L2 )
\ |
N )

: (tan x ) [ cotx ) ’ (1)
21:J'log‘ [ |dx:J']0g|—|dx
U 2 JU 2 ) 4

7 (7
I:—Iog|—|
4 L4)
HOTS
2 x2
1. Evaluate [*, ——dx
2.
Solution: let | =2 > dx .. (i)
=2 145%

fz (2+(-2)—x)?
-2 14+52+(=2)-%)

0

a |' h
deS'ng If(x) ax = <|2J' f(x)dx, if f(x) is an even function of x.
“a |
L

2 x25% "
I dx e (i)

Adding equation (I and (ii) , we get

2l =f_22x2dx= %

8
| =

3
2. Evaluate fol cot (1 —x+x?)dx

Llet | = fol cot™!(1—x+x?)dx = fol tan™?!

1-x+x2
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1 -1 x+(1—x) _ 1 -1 1 -1 _ _ 1 -1
J, tan o = Jo tan"txdx + [ tan”'(1—x)dx = 2 [ tan"'xdx

_1.41 1
=2{[xtan 1x]0 fo — ——dx }=2m/4 (Iog|1+x2|)0=§—log2.

x2

3. Evaluate [ —————— dx Ans

(xsinx+cosx)? xsinx+cosx

sinx—xcosx

4. Evaluate [ Ans. -2coseca,/ (cosa + cotx sina) +C

1
- = dx
Jsin3 x sin(x+a)

sinx—x cosx .
5. Evaluate fm Ans log|x| — log |x + sinx| + ¢
3
> 5 1
6. Evaluate [Z|x cosmx| dx Ans— — =
0 2 m?
7. Prove that f — Z dx=an
8. Evaluate [+/tanx dx

Ans 1 tan_l( tanx— 1) lo tanx— V2 tanx+1
vz V2tanx \/_ tanx++/2 tanx+1

2 11

9. Evaluate [ |x® — x|dx Ans:

2x
10. Evaluate [ e?* sinx dx , Ans: e? (2sinx — cosx) + ¢
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