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CHAPTER-5

CONTINUITY AND DIFFERENTIABILITY

Key concepts and formulae

OBJECTIVES: TO PROVIDE THE KNOWLEDGE OF CONTINUITY A
ND DIFFERENTIATION OF REAL VALUED FUNCTIONS.

CONTENTS: 1. Meaning of Continuity

2. Continuity of real valued functions

3. Continuity at a point

4. continuity on the entire domain of the function

5. Points of discontinuity

6. To find the value(s) of constants when function is continuous at a point
7. Definition of derivative of a function( general and at a point) and Geometrical Meaning of
Derivative.

8. Relationship between continuity and differentiation

9. Differentiation of polynomials

10. Product rule, Quotient rule and Chain rule of Differentiation

11. Differentiation of implicit and explicit funetions

12 . Differentiation of rational functions

13. . Differentiation of functions in parametric forms

14 . Differentiation of Trigonometric functions

15. Differentiation of Inverse Trigonometric functions

16. . Differentiation of exponential and logarithmic functions

17. Logarithmic differentiation and higher derivatives

18. Rolle’s and Mean Value Theorem

Methodology: Motivation through the examples from the environment, Demonstration,

development of the concepts with the help of simple examples by involvement of the students,

proceeding from simple to complex problems, Demonstration through Geometrical diagrams.
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Important formulae of continuity and differentiability
1. f(x) is continuous at x=a if

lim f(x) = lim f(x) = f(a)
x—>a— x—-a+
A (M) = =17 0%y =
2— (x™) = nx Le—(x)=1.
3 2 inx)=
. dx(smx)— COSX.
4 = -si
- 5 (COsX)= -sinx.
5 2 (tanx)=sec?
—(tanx)=sec” x .
6 4 tx)= 2
. dx(co X)=-cosec” X.
7 4 = t
—-(sec X) = secxtanx.

d
8. a(cosecx) = -COSeCcX CotX.

1

i in—1 =
0. dx(sm X)

1-x2
10.%@05‘1 x)=— 1+x2
11. %(tam‘1 x) = 1+1xz_
12. %(cot‘1 x)=— 1+1xz_
13.;—96(sec‘1 x) = x\/%

1

4 “1y)= — L
14.dx(cosec x) oy

i X\ — pX
15.dx(e) e*.

d 1
16(a).a(log|x|) =

d

dx 1

a>0,a=1,x

(logax) =,
(b) x log a
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d, x x
17.E(a )=a loga.

18. Product Rule For Derivative:

= [f (). 9(0)] =g () £ F )5 g(x)

19. Quotient Rule For Derivative:

<[] 84S ()~ F) g 9(®)
ax lg@) 9GP

20. Chain Rule For Composite Functions:

= [fog(0)] === [f(9(0)] == F (g ()= g(x)

21. Rolle’s Theorem:

Let f be a real valued function on the closed interval [a,b] s:t.

e [t is continuous on [a,b]
e [t is differentiable on (a,b)
e f(a)=f(b),then there exists at least a real number ce(a,b) such that f'(c)=0.

o The geometrical meaning of Rolle’s Theorem is that,if the conditions of Rolle’s Theorem
are satisfied,there exists at least one point (c,f(c)) on the curve where the tangent is
parallel to x-axis.

22. Mean Value Theorem/ Lagrange’s Mean Value Theorem:

Let f be a real valued function defined on a closed interval [a,b] s.t.

e It is continuous on [a,b]
e [t is differentiable on (a,b)

e then there exists at least a real number ce(a,b) such that
f(b)—f (a)

e fl(o=
b-a
e The geometrical meaning of Mean Value Theorem is that,if all the  conditions of Mean Value
Theorem are satisfied, then there exists at least one point (c,f(c)) on the curve where the tangent
is parallel to the chord joining (a,f(a)) & (b,f(b)).

QB365-Question Bank Software




QB365-Question Bank Software

IMPORTANT BOARD QUESTIONS

One Mark Questions

1. Is sin x continuous at x = 1/2 or not?

2. Differentiate y = sin (x> + 5) w. . t. x.

3. Differentiate sin (tan’'e* ) w. r. t. x.

4. Differentiate €% w. r. t. x.

5. Iff(1) =4 and f/(1) =2 ,find the value of the derivative of log(f(e*)) at x=0

6. Find the derivative of sin™tx w.r.t cos 1 x

7. Verify the Rolle’s theorem for the function f{ x) = x> — 2x + 1.in the interval [-1,2]

Solutions
1 Ans. Yes, being a trigonometric function sin x is.continuous in its domain.

2. Ans. 2 =2xcos(x>+5)
dx

3. Ans. e*cos(tanle® )/1+e**

4. Ans. 1
51
2
6. let u =sin"! x and v=cos™* x

du
Then find du/dv = 4& = -

dx

7. Being polynomial function, It 1s continuous and differentiable in given interval
f(-1)=4, f(2)=1

butf(-1)# f(2),Hence Roll’s theorem is not satisfied

Four Marks Questions

1.If y =3e%¥*+2e3*¥ then show that y// - 5 y/. 6y = 0.

Solution. y/=6e?*+6e3¥,
y// =12e%*+18e3,
putting values of y/ and y// in L.H.S of y// - 5 y/, 6y = 0. And verify
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2.Ify = sin ( log x ), then prove that x’y// + x y/, y = 0.

. Solution
dy __cos(logx)
T dx x )

Again differentiating w.r.t x
y// _= cos(logx)—sin(log x)

X2

—cos(logx)—sin(log x)
x2y! = = xy -y

2

Q3..Ify= eax.cosbx,thenprovethat% —2a %+(a2+b2)y =0

Solution.

y =e%*.cos bx

dy

ol ae.cos bx - be™.sin bx.......... (1)

d .
TJ; = ay -be™*.sin bx

d%y _ dy ax oj ax

—> =a—— - b(ae™ .sin bx + be"*.cos bx )
dx dx

d%y dy dy 2 2
—=a—-(ay-—)-b using 1
de dx ( y dx) y ( g )
dzy

£3-2a2+(a?+b?)y=0.

Hence Proved.

Q4.If x =asin2t(1+ cos2t)andy = bcos2t(1— cos2t),then find % att = %

Solution.x = asin2t (1 + cos2t)

y = b cos 2t (1 — cos 2t)

dx
Fri 2acos 2t (1 4+ cos2t) + asin2t (—2sin2t)

= 2acos 2t + 2a (cos 2t)? + a sin 2t (—2 sin 2t)?
5
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= 2acos 2t + 2acos 4t

d
d_)t] = —2b sin2t (1 — cos2t) + bcos2t (2sin2t)
= —2b sin 2t + 2bsin 2t cos 2t + 2b cos 2t sin 2t
= —2bsin2t + 2bsin4t
dy  —2bsin2t + 2bsin4t
dx ~ 2acos2t+ 2acos 4t
dy b
Att=— ,— = =
dx
1 ,ifx<3
Q5. Letf(x)=<ax+b , if 3 <x <5. Find the values of a & b so that f(x) is a continuous
7,if x=5
function.
Solution. Atx =3
LHL=1, RHL=3a+b and f(3)=1
Since the function is continuous at x = 3
Ja+b=1....(1)
Atx=5
LHL=5a+b, RHL=7 and f(5)=7
Since the function is continuous at x = 5
Sa+b=7...(i1)
From (i) and (i1) , we obtain
a=3andb=-8
Q6. Find dy/dx if y=(Cos x)* + (Sin x)"*.
Solution.
iIlX)l/X
fin  letu=(Cos x)*, v=(Sin x)"*
y=utv
6
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dy/dx = du/dv + dv/dx

u = (Cos x)*

log u = x log.cosx

finding du/dx = (Cos x)* [-x tan x + log(cosx)

Similarly from v = (S ding dv/dx = (Sin x) '"* [x cotx + log(Sinx)]

HOTS

1. F|nd ,|fy +x7 +x* =ab

Solution.

Let v =xY

logv=ylogxx*+x¥+y*=a

Letu=x"*

logu =xlogx

%Z—u-x +logx

Z—Z= x* (1+logx)
%%=(—+logx—)
Z—z=xy(%+logx %)
Letw = y*

logw =xlogy
=T +logy)
dw

aw _ x (XY
==V G tlogy)

b
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(1) Can be written as

u+v+w=ab
du dv dw

AT T

x* (1+logx ) +x” ( +logx ) +y* £ +logy) =0

0

ay .y X XY X g yY 4 oyx 2y
dx(x logx +y .y)-x +x*logx x Sty logydx

dy x*+ x*logx +yx”™' +y*.logy
dx x¥.logx + xy*~1

Q2. Show that function f(x) defined by

sinx

— + cosx, x>0
flx) =12, x =0, is continuousat x=0
4(1—V1—x) x <0

)
X

Solution.

Solving LHL = 2.
Solving RHL =2
Also f(0)=2
LHL = RHL = f(0)

f(x) is continuous at x = 2.

o Sax ) d 3a 2a
Q3.1fy= wn '| ——— | then show that = _ .
la —-6x ) dx a2+9x2 a-+4x2
Solution.
& 5 ax A
B P N | e |
y = tan | | = tan | |
U a — 6 x ) a — 6 x
k (12 )
e 3 x 2 x hY
|| a B a I 3 x 2 x
= tan | - - | = tan + tan
3 x 2 x - «
[ - > |
N a a )
> 1 3 1 3
h ence., = > — 4+ < T
d x 3 x ) a 2 x \A a
1+| | 1+| |
L J Coa J
3 a 2 aq
= +
a + 9 x a “+ 4 x
8
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Q4 1f Vi ot it =a(x—y) , prove that “— - \|—

dx 1 - x

Sol: Putx=sina, y=sinf

Cosa+cosB= a(sina—-sinf)

(@ -5 , :

cot] ——=a = sin"x-sin"y=2cot'a
O
dy -y

== - 2
dx - x

. d ](,gx X
Q5.Find X when , = <** 4 (log x)

dx
Solution.
d du dv
Take y=u+v where , (x) = »** and ,(x) = gog x) SO that == - 2% 2%
dx dx dx
d (2 )
u(x)leogxﬁ logu = log xlog x => S x" | —log x|
d x U x )
dv ! 1
V(X):(logx)x: logv = xlog(log x) => = (log) | +log(log x) |
dx Llogx 1|
dy oea [ 2 3\ [ 1
— = Xx ‘—logx‘+(log) ‘ +log(logx)|
dx L x ) [ log x |

+ x - - X

Q6. Differentiate tan | with respect to x

r
|
L +x2+\(;7xJ
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7cos9j(
r .0 o] r 07
cos T - sin  — 1 -t —
|| 2 2‘ - 1‘ anz‘ ,,( (r 0\ T 4
tan | ‘ - tan ‘ ‘=tan |tan‘ ——|‘=—7—
| 0 0 | 0 L (4 2 ) 4 2
b 2 s o2 [ 1+ tan — |
cos + sin
| 2 2 L 2]
dy x
dx 4

2 2 2 dzy d—y
Q7.|fy=[log(x+1/x +1) 1 , Show that (1 + x ) 2+x—:2
dx
Solution.

y=[log( x+—\/x2 + 1) ]Z

dy _2 5 1 I( 1 \l
_— = [Tog( x + 4/x + 1) ] 1+ 2 x

/ | / |
dx X + x2+1k 2 x2+1 )

d R 1
2 =2 o x o+ afx 4 1)

dx x o+ 1

(x2 +1)aj/_ =4 [log x + \/xz + 1 1 aftersquaring (x2+1)( i )2 =4 y

dx dx

. . , dy d’ & d R a’ d
diff. both sides («> + )2 ——— 4 ( == Y o2r -4 — =0y —— 2,
dx dx d dx d d

MORE QUESTIONS FOR PRACTICE

1.Prove that * y +y =0 ,if y= Scosx -3sinx
dx
[sin 5x
| ; x # 0
. . . |2 . .

2. Find k for which the function f{x) = ; 1s continuous at x =0
\
{ k x = 0

10
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2
x —16

3.Findk, if f{x)=

,X.4and f(x)=kif x =4, is continuous at x = 4.

x — 4
4.Discuss the continuity of the function f(x) = x> + x* — 1

d? d
=2 +X_i: +y =0.

5. If y= 3cos(logx)+4sin(logx), show that x? FRCRR.

6.1f x,/T+ y + yVT + x =0, show thatZ—i= (1 +x)"2

7.1ty = \/x + \/ﬁ, prove that & = 23/;—1
dx
8.Ifx=vas""'®, y=yawosT'® , show that % - )_l;

y2

_ v dy _
9. If y=V/x ,prove that X = 3 ylogn -

2
10.If y=e**cosbx , then prove that 3732’ 2a % (a? + b?)y=0"

11. If x=asin2t( 1+cos2t) and y= bcos2t (1-cos2t) then find % at t =% .

12. Find the value of ‘k’ so that the function f is continuous at , - =
2

13.1fy =(x +2)* +x0+1/%)  then find dy/dx
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