Very Short Answer Questions (PYQ)

[1 Mark]

f(z) = —“'“,;;I +cosz, if x # O
k: ifz =0

Q.1. For what value of ‘k’ is the function
continuous at x =0?

Ans.

lim f(z) = lim f(0+h)

- lim f(h) = lim (2% 4 cos h)
= lim Smshs" xg-kgin% cos h | h—0=5h—0|
=1x5+1

lim f(z) =3

Also, £ (0) = k

Since, f (x) is continuous at x = 0

= lim f(z) = £(0) = 3=k

Q.2. Determine the value of the constant ‘k’ so that the function

—, ifz<0
f(x) = ||

3., ¥ zz0 .
is continuous at x = 0.

Ans.



f (x) is continuous at x = 0
= lim f(z)= lim f(z)=7(0)

Now, zli%l f(z)= hliI‘% f(0— h)

T BN P R(R)
= Jim fi-h) =l —p
= g =

Also, f(0) = 3
lim f(z)=f(0)

- k= = k=-3

[99)

Very Short Answer Questions (OIQ)

[1 Mark]

Q.1. Is every differentiable function continuous? Is every continuous function
differentiable?

Ans.

Yes, every differentiable function is continuous.

No, some continuous functions may not be differentiable.

X
Q.2. Find the derivative of e .
sin x

Ans.
Let = sin

dy sinz.et — et cosz . ;

— - o

e — [Usmb quotient rule]

e (sinx — cosz)

sin? =



: dy in x
Find — 1,Wherey= " S

Q.3.
Ans.
y i d =
We have, y= mA = Ey — &"MZ  cosa
d
Ey =e.0=0
Y

Q.4.1f f(1) =4, F(1) = 2, find the value of derivative of log f(e*) with respect to x at
the point x = 0.

Ans.

Let y = log f(e")
dy 1 i _ Ef(e)
& = 7@ X F () =505

(dy) _ ) 1)
z-0

1
o [T I V) z

Wl b

Q.5. Find the derivative of logio X with respect to x.
Ans.

Let y = logg x

y=logye.log. x

dy

e logyp ez =

F z

1 logyq € [ .



Short Answer Questions (PYQ)

[2 Mark]
dy 2
Q.1. Find & =% whenx = 10(t — sin t) and y = 12 (1 - cos t).
Ans.
Given

x=10(t-sint)and y=12 (1 - cos ¢)
x=10 (t-sin )
Differentiating w.r.t. t we get

%’{-le(l—cost}

Again y = 12 (1 - cos ¢)

dy z - 2
= E—12 (0+sin t) = 12 sin ¢

dy
@ 12 sin ¢

Voo dy .
Now, & = & T 10 (1 cos t)
dt

2x

dy] - 12 sin -
dx i -i:;- 10(1 cos _2;)
" 6 " sin(r -5) _® " s'mg
5B, )Y 5 7 Ttcosx
(l cos(x 3)) e,
V32
3 6 i E Gv‘g L - 2\;3-
i T 5x3 5
: dy p :
5 Find ;at z=1,y=7 if sin®y + cosxy = K.

Ans.



sin® y + cos xy = K
Differentiating w.r.t. x, we get
2sin y. cos y ﬂ+(_ sin xy)(z (—iz+y)=0
’ dx T odx

sin 2y.%— T sin Xy. %— ysinxy =0

dy y sin Xy
dx = (sin 2y — z sin xy)

S

~ S
—. Sl—
4 4

1
= ﬂ] = o TN = K
dx.z::l,y:ld sin%—sin% 1——:,—2- 4(vZ -1)

Short Answer Questions (OIQ)

[2 Mark]

Q.1. Write the derivative of f(x) = |x3|at x = 0.
Ans.

We have,

x>0

3
f(z)=1a| = {fzg po

- flz f(o

NO\\’. f,(O ):li]}]] f(zz): g(o)li]})] Inz 0 =—zl:i§)1a:2=0

and f'(0')=lim d ();(0). 20 Jima?=0
z.0' z z:0" =

Thus, £'(0) = £'(0-) = £'(0%) = 0

Q.2. Find % if y +siny =cos x.



Ans.

Given, y + sin y = cos X
Differentiating w.r.t. x, we get

dy

dy .
K—i-cosy.x— sinx
= %(lﬁ—cosy):—sinm
d -
- e [ v (m 1]

PRy AR 0
Q.3. Differentiate: 2\/C°t (z%) w.r.t. x

Ans.

Let y = 2y/cot (z?)

Differentiating w.r.t. x both sides, we get

dy

dx 2, feot (22)

2z cosec? (z?)

cot (z2)

x—cosec? (z2) x 2z

; dy . ATt B (e
Fmda,lfy_sm (“12).

Q.4.

Ans.



Let x=tan B

=> O=tan"! x

Now, y = sin

sin20) [ sin2g= 2ond |

1itan?@

|
o
D

= ¥

[ sin~! (sin 28) = 20|

2tan”! x [+ 0 =tan" x|

= v
Differentiating both sides w.r.t. x, we get

dy=2 1 ., 2

dx 1122 1122

Find o, if y= 32 2> 0.

Q5 dx’ logz ’
Ans.

. __ coszx
Given, y = -

Differentiating w.r.t. x, we get

dy logzx(—sinz)—coszx%
dx (logz)?
o -sin z log = —mszz __ —zsinz.logz —cosz
(logz)? z(logz)*
Q.6. Differentiate w.r.t. x:e* + e + . X

Ans.



Let y=e€*+e* +¢&& +e* +¢e*
Differentiating w.r.t. x, we get

d 2 3 1 5
EY —eF+eF .2x+€ 3x2+eF Axd +¢e* 5zt

— % +2xe% +3z%e" +4z3e* +5zrie”

S . d
If y= x"* x>0, then find d—i

Q7. -~
Ans.
Given y = x¥" ¥

Taking log of both sides, we get

log y = log xsin x

= log y = sin x. log x
1 dy _ . 1 D; S sides :
= 7' —Sinz.g +logx.cosx Differentiating both sides w.r.t. x|
d . - .
= Ey = {Su;z-i-cos:clog:c}::cs‘“{m% +cos:clog:c}

Find %. if x = 2at?, y = at’.
Q.8.

Ans.

r — 2at? = %=4at

Again, y = at?

dy 3
=i =4 at
. y dy /dt
Now, & = &x/a
3
__ 4at — 32



Q.9.

If (1+x)"=Cy+ Cix+ Gx* + ... + C,x", then prove that [HOTS|
(1) Ci +2C3+ o ¥ NGy =11 . 2"~ ! (i) C, -2G +3Cs - .. ¥ (-1)" 0C, =0
Ans.

We have, (1 +x)" = G+ Cix+ Gox” + . + Cx”
Differentiating both sides with respect to x, we have
n(1+x)?" '=C+2Gx+ 3G +... + nCx" '
Putting x = 1 and x = ~1 successively, we have
G+ 2Cs+ 3G ownly=n:22 "1

and G -2G+3G - ..+ (-1)"nC,=0



Long Answer Questions-I-A(PYQ)

[4 Marks]

& 3
1 —sin“zx - s
e .4 2T
3cos? z ? f 2

q(l1 — sinzx)

o w
\ (x-22) f 2
Q.1.
is continuous at x =§.
Ans.
We have
1 sin’z ifz <X
3cos? ? =
flz)= p , ifz =§ is continuous at & =3
q(1 - sinz) 2
—F ¢ ifa > %
Now, lim f(z)=lim f (3 +h) Let z =3 +h, ¢ >% = h—0]
hsZ :
g{1 - sin( = th 1 s h 1-cos h
:%,m(} { (z )2} i {q{ mzh}z:ljm a( 4::; )
H {ﬂ. 2(%’ th } h0 Tow } h 0
T q2sin2§ :hmqsmz;
k0 4h* ho 2R

Again lim f(z)=lim f (§ - h) [Let z=3 - h,z»5 = h— 0]
h+=
2



—liml sin3(—; h) _liml cos® h
) 30052(12' h) " h.0 3sinh

2z 1 - cos h) (14cos hicos’h
Lo ) (ire )
h0 3 sin“h

2sin? 2 (14141)

= 11m -
h0 3$ln2h
1 2 sin? 3.3 i 2 sng
— — m
h0 3sin’h ho0 sin?h
i sinz'g
=Thii —* [Dividing N" and D" by hl]
ho Eih )
%]
mﬂz";1 sin ﬁ )
2 h2 oA lﬁ‘ln:o k
e BN A LA
—%,H,% w?h 2 N\ 2
P lim ==
3 (ho h )

Also f (3)=p

f(x) is continuous at & =3

1
hos

m f(z)= lim f(z)=f (3)

2

Q.2. Show that the function f(x) = 2x — |x| is continuous but not differentiable at x =
0.

Ans.



Here f(x) = 2x - |x1

For continuity at x = 0
lim £(z) = lim £(0+ h) = lim £ ()
= lim {2h — |h[} =lim (2h - h)
=limh
h 0
=0 (1)
lm f(z)=lim f(0 — h)=lim f(~ h)

=lm {2(— h) - |- hl} =lim {- 2h - h}

= lim (- 3h)
R ...(if)
Also, f(0) =2x0-[0] =0 ...

(i),(ii) and (ii) = li?;.f(-’c)=;ilgo@_f(2)= f(0)
Hence, f(x) is continuous at x = 0

For differentiability at x = 0

LHD = Lim fo k) f0) _ lim f(- h) - f(0)
k0 h R0 h
i (2(- k) - |- h]) - {2x0 - [0]} — Jjp =2k —h-0
k0 h R0 h

= lim = —lim 3
o kR b0

LHD = 3 o (iV)



Again RHD = lim O~ 10)

hs0 h
- f(h) - f(0) o s 2h |k 2x0 |0| — 2h —h _ m h
h0 h h+0 h hw R ho R
=lim1
h ’0
RHD =1 (»)

From (iv) and (v)
LHD # RHD
i.e, function f{ X) = 2X - |x| is not differentiable at x = 0

Hence, 1'(.\‘) is continuous but not differentiable at x = 0.

Q.3. Find the value of k, for which

VITkx - VT - &

f(z)= " ’

2rid ifo<z<1

&—1,

if-1 < z<0

is continuous at x = 0.

Ans.



: !’(x) is continuous at x = 0

=  (LHL of f{x) at x = 0) = (RHL of f(x) at x = 0) = £(0)

= lim f(z)=lim f(z)= f(0) vxsld)
z-0 -0
lim f(z)=1im f(0 - h) [Letx=0-hx—0 = h—0]
0" x50
_ . \/uk( h) ‘/1 k( - h)
-l £(- 1)~ ;
=lim‘/l kh \/llkhx V1 -~ khiy/1kh
R0 h vT - Kh+v1ikh
T (1-kh)-(1ikh) . ok _ 2%
ho0 — h{yT Khivitkh} k.0 {yT KkbivVitkh} 2
= iln’@&f(a:):k a1
Againling(m):lingf{ﬂ—i—h) [Letx=0+h x—0" = h— 0]
Z I
y A 15 | 1
==y
= lim f(z):-—l ...(fii)
-0’ /
Also £(0)= 222 —1 (V)

f(x) is continuous at x = 0
(i), (i), (dif) and (iv) = k=-L.

Q.4. Find the value of ‘a’ for which the function f defined as

asing(z+1), <0

f(x):{ tanr — sinz

z3 ?

a0

is continuous at x = 0.



AnNS.

l'('.\‘) is continuous at x = 0.

=  (LHL of f(x) at x = 0) = (RHL of f(x) at x = 0) = £{0)

= lim f(z)=1lim f(z)= f(0) ca( 1)
z0 z0
Now, 11%1_ f(z):lin(} a sing(z+1) [+ f(z)=a sin3(z+1), if z <0
I I
= IiI% a sin (5 +32) =12113% a coszz=a.cos 0=a ...(f)
Again, lim f(z)—lim 222 sz [ Fl)— S e ifa:O]
. :: sin z .. sin £ -sin z.cosz . sinz(l - cosz)
B A R T B
. 1 4. sinz 280’3 : 2
=21£cosz'lél%sgz ,zx: [ 1 - cosz = 2sin %]
0 B o snf)? hm““% o D
o SRR x — X & =-xX1l== o (100
T T s 2 o 3 2 2 (i)
Also, f(0)=asing(0+1)=asing =a (V)

fis continuous at x = 0

(1), (1'1;), (#if) and (v) = — %
sin (a+1) ;t+2 sin z 2D
If f(.'E) = 9 Cz= 0
Q.5 # , >0

is continuous at x =0, then find the values of a and b.

Ans.



We have

sinfa|1)zi2sinz
— , z<0
flz)= 2 i =10 is continuous at x = 0
Viibx 1
+ ¥ z>0
Since, f(x) is continuous at x = 0
= lim f(z) =lim f(z)= f(0) vl
z0 z-0
Now, lir)(r){ f(z)= {ng f(0O+h) [Let x = O + h, his +ve small quantity x — 0" = h— 0]
5 A,
=lim f(h
i (1)
- ]j.m 14bh - 1
h-50 h
=3 11bh x\/llbhll
h-0 h V1ibhi1

14bh - 1
0 h(v/1{bhi1)

hm
bh _b
lhugh(\/ubhu) 11?33 s/_h o2

Again li,%} flz)= lgu}(} f(0—h) [Let x=0 - h his+ve small quantity x — 0" = h — 0]
-

=lm (-~ h)

s sin(a41)(- h)42sin (- h)

=i R

g [—sin(ail)h 2 sin h]

T ho0 -h

.- sin (a+1)h  2sin h

—I#IB[ 5 ¢ & ]

= lim —sm(a“)h+2hmSin h
R0 h R0 h

1 sin (@t 1}k .. sin h
=Im = % (6+1)+21m =

=lx(ez+l)+2

=a+3



Also f(0) =2

Now from (1) g =a+3=2
= b=4, a=-1
3ax+b, ifzx>1
flz)= 11, ifz=1
. _ _ bax —2b, if x <1
Q.6. Find the value of a and b if the function IS

continuous at x = 1.
AnNs.

Jax+b, fzr>1
Given function f(z)= 11, ifz=1
bax—2b, if z<1

For continuity at x = 1, we have
f(1) = 11

CHE

lim f(z)=lim5ax — 2b=5a— 2b
z+1" Z41"

RHL

imfl f(z)= %3ax+b: 3a+b

For f(x) to be continuous at x = I, LHL = RHL = £{1)
ie, 5a-2b=3a+b=11

On solving, 5a-2b=11 and 3a+b=11

Weget a=3, b=2.

Q.7. For what value of k is the following function continuous at x = 2?

2x+1, =<2
3T =1; 232



Ans.

lim f(z)=1lm 2z +1=2x2+1=5 [* A(x) =2x+1,if x< 2]
I-42 2 :

lim f(:z:):l_m% 3z—1=3x2-1=5 [ f(x) = 3x- 1,if x> 2]
52’ I, 3

Since, f(x) is continuous at x = 2.

lim f(z)=lm f(z)=f(2)

w

= 5 = 5 = L = 1\ —
Q.8. Discuss the continuity of the following function at x = 0:

zi 4223 422
saeta o)

f(w)-——{ e

0, =)
Ans.
l]141)1f(:1:)=%11£f(0—h) [Letx=0-h = x—0" = h— 0]
= ]j T3 h
lim f(— h)
1 (~R)2(-RP+(-h) ‘o
_I#E% ey [-—11#0]
4 o913, 32 3 1, —
:1’2% % W lan | (—x) = — tan 1 x]
3 h(K* - 20°+h) .. B - OR%+h
" ho0  —tan'(h) 1;:{% tan Lk
h
lim (h* - 2h°+h) n
_ kO < =£=O [ lim tan' h :1]
lim —tealh -1 R0 h

R0 h



lim f(z)=lim f(0+h)

=lm f(h)

tan! h

. L TN
m (K4+2K+h)

” -1
h.0 k

£(0) = 0

Le,

Hence, f('.\') is continuous at x = 0.

Q.9. Show that the function ‘f ’ defined by

R o3 1 h2 h(h*+2R2+h)

[h# 0]

[, . ].im tan! z
Tozs0 &

:1]

[ f(x) =0 for x = 0]

lim f(z)=1lim f(z)=f(0)=0

3z-2, 0<z<1
f(z)= 222—z; 1<2<2
S5z — 4, T2

continuous at x = 2, but not differentiable.

Ans.



For continuity:

iigl f(:z:)—_—l,:'JB f(2- h) [Letx=2-h = x—2" = h—0|
= lim 2(2— h)P - (2— h)=lim 2{4+h> - 4h} - (2- h)
= lim (8+2h® - 8h— 2+h)=6

iug f(z):% f(2+h) [Let x=2+h = x—2' = h— 0|

=lim 5(2+h)- 4=6

e, lim f(z)=lim f(z)=f(2)

T2 z:2
= f{x) is continuous at x = 2
For Differentiability:

LHD (atx=2)=lim /2% 1@
{ h0 h

2(2-hp - (2-h)- {222 -2} — i 81200 Bk 21k 6

li
= : hs0 h
2
=lm2 T _lim 2% 7 _7

k0 h hao 1

: 2+h) - f(2
RHD (at x=2) = lim 1&%_1®
' h0 h

5(2+h) - 4 - {2.22 - 2}
h

1045h - 4 6_]. =%
h B0

Il
FE e

sB

sB

LHD # RHD (at x = 2)
Hence, f{x) is not differentiable at x = 2.

Q.10. Find the relationship between ‘a’ and ’b’ so that the function f defined by:



ax+1, if z <3
bx+3, f >3

is continuous at x = 3.

fa)={

Ans.

Since, f(.\') is continuous at x = 3.

= lim f(a)=lm f(z)=£(3) ()
Now, lim f(z)=lim f(3- h) [Letx=3-hx—3 = h—0
=}lix£l a(3- h)+1 [* f(x) =ax+ 1 V x= 3]
=lim 3a - ah+1=3a+1 (i)
%f(z):%f(3+h) [Let x=3 + hx— 3" = h— 0]
=lim b(3+h)+3=3b+3 [+ f(x) = bx+ 3V x> 3] ... dif)

From equations (1), (if) and (i)
3a+1=3b+3

3a—-3b=2 or a— b= % which is the required relation.

Q.11. Find the value of k so that the function f, defined by

kx+1, if z <
ﬂu={ =%

cosx, ifz>m. : _
is continuous at x = Tr.

Ans.



lim f(z)=l'§1_13 f(m— h) [letx=T-hx—>T = h—0

=|’.}ng k(m— h)+1 |* f(x) = kx + | for x= TI|

[Lctx=1T+h,.\'—>TT‘ = /1—»0‘

,l,u? f(z)zl,f{l(} f(m+h) | f{x) = cos x for x > |

%HB cos (m+h)

Il
e

m — cos h:—1

Also f(TT) = kT + 1

Since, f{x) is continuous at x = TT.

= lu? f(z):li{:g f(z)=f(r) = kn+l=1=kn+1
= kT = -2 = k=3

Q.12. Show that the function f(x) = [x — 3|, X € |R, is continuous but not
differentiable at x = 3.

Ans.



—({z— 3] ;2<3

Here, f(x) =|x- 3| = f(z)= 0 ;=3
(z—3) .z>3
For Continuity:
NOW.-lig{ f(a:)=ll31% f(3+h) |[Let x=3+ hand x— 3' = h— 0]

=lim (3+h-3) =lim h=0
lim f(z)=0 (i)
li_rgf(z):l}i% f(3-h) |[Let x=3 - hand x— 3"~ = h— 0|
=§93— (3- h- 3)=£ir£ h=0
21%1. f(z)=0 . (1)
Also,  f(3)=0 (i)
From equation (i), (if) and (i)
lim f(z)=lim f(z)=1(3)
Hence, f{x) is continuous at x = 3

For Differentiability:

f(3+h) - £3) .. (3+h -3) -0
% _l,f_’}} T TEE

RHD =lim
ko0

=lim 2 =lim 1=1 (V)



Equation (iv) and (v)
= RHD # LHD at x = 3.
Hence, f{(x) is not differentiable at x = 3.
Therefore, f{x) = |x - 3|, x € |R is continuous but not differentiable at x = 3.
Q.13. Discuss the continuity and differentiability of the function
f(x) = x| + |x = 1] in the interval (-1, 2).
Ans.
Given function is
f(x) =[x +|x-1
Function is also written as
—z- (z-1), if-1<z<0
flz)= 1 if0<z<l
g (£—4); AfFzE=1
-2z+1, if z<0
> f(z)= 1, if0<z<l
2z- 1, ifz>1

Obviously, in given function we need to discuss the continuity and differentiability of the function f{x) at x

=0 or 1 only.

For continuity at x= 0

li%l'f(z)zlhin& f(0+h) [Let x=0+ handx— 0" = h— 0|
= (k)
= h 1 1 | h is very small positive quantity]
= 1 ()

lir(1)1 f(z)=lgn(:]l f(0—h) [Letx=0-hand x— 0" = h— 0|



=lm f(— h)=lm{— 2(— h)+1}=lm (2h+1)
lim f(z)=1 .. f1)
Also, f0) = 1 .. i)
(i), (if) and (iii) =  lim f(z) = lim f(z)= £(0)
Hence, f{x) is continuous at x = 0

For differentiability at x= 0

RHD = km 1@ 10
k0 h
X h 0 . o~ :
= Lm& W | his very small positive quantity = 0< A< 1|
T T L
=t 5=y 1= 5 19]=9]
=lim 0
h0
RHD =1 (V)
LHD = Em f(0 - k) - £(0) e f(- k) - £(0)
k0 h b0 h
S 11111 2(- k)41 - 1 - hm ﬂ
b0 h k0 h
=lim (— 2)
LHD = -2 (V)

(iv) and (v) > RHD # LHD at x = 0.

Hence, f(x) is not differentiable at x = 0 but continuous at x = 0.

Similarly, we can prove f(x) is not differentiable at x = 1 but continuous at x = 1
(Do yourself)

Q.14. Show that the function f(x) =[x — 1] + [x + 1], for all x € R, is not differentiable
at the points x ==1 and x = 1.



AnNs.

Here, given function is
f(x) =|x-1|+|x+ 1]

(- (z-1)- (z+1), z <-1

2, z=-1
2 SlE)=¢= (22— 1+ EFL, - Ige<d
2 g:=1

Lfz— 1)+ {z+1) g |

(- 2z, fz<—-1
2, fz=-1
= f(z)=142, if-1<z<l
2; ifz=1

| 2z, if z>1

Forx= -1

RED =k M -ACY
k0 h

=l_i_'|:[1—2 2=lim 0=0
R0 R R0

1 f(1-h) - f(-1)
LHD —k% —_—
| 2(-1-h) -2 .. 249k 2
= L T
=lim ® =lm- 2=2
ha h k0

ie, RHD # LHD.

Hence,f(x) is not differentiable at x = - 1

flz)=

-2z f z<—-1

2
2z

if —1<z<1
if z>1



Forx=1

RHD = lim f0M - 1)
k0 h

2(1+h) -2 .. 249 2

-

=
By

&>

LHD =lim HN= 0 = 0

b0 h
=l .2=2 =Tim

h0 h h0 h
=lim 0=0

b0

RHD # LHD.
Hence, f{x) not differentiable at x = 1.

Long Answer Questions-I-A(OIQ)

[4 Marks]

Q.1. For what value of k, the following function is continuous at x = 0?

1 cos4:z' ] 0
TORS S
k =1

Ans.



1 - cosdzx

T T -0
Given function, f( T ) as 822 ) #
k 3 T = 0

At x = 0, we have f(O) =k

LHL = lim f(z)=lim 1=-°%4=

-0 8z2

o 2sin22z 1. sin2z\2 1
- e o e e

. o 1 - cosdx _ q: sin2:\2 1
RHL=£1£); f(w)—:]r;%; T—Eg}x( —) x3=1

For f(.\’) to be continuous at x = 0
LHL = RHL = f(.O)

= l = I = k o ]\‘ = l

Q.2. Examine the continuity of the following function:
Z 40

f(:l:)={2lr|7 at &=,

1 _
5,:1:_0

Ans.



; 0
Given, f(z)= {2|I| i

Q-,:1:—0

For continuity at x = 0, we have
I |
f(0)=3

LHL—III(I)I f(z)= hm ,—$z|= im L=_%

RHL—hm flz)=4m = =l ==

z-0' }Il
Hence, LHL # RHL
So, f(.x') is discontinuous at x = 0.

Q.3. If the function f, as defined below is continuous at x =0, find the values
of a, b and c.

f sin (a+li z+sinz ’ 5470

f(z)= . , =0
Vz+bx® — /T

\ bx*/? ’ B0

AnNs.



Since f{(x) is continuous at x = 0 li.t(r)l_ Fx)= li.lIOl' f(z)=f(0)

Now, lim = i 0-h Let x=0-hx—0 = h—0
ow, lim f(x) hl]f(}f( ) [Let x X ]
1 o T sin (a+1)(— h)+sin (- k)
—a B 7
— s sin (a+1)h+sin h e sin (a+1) h 4 lipp S h
h-0 h R0 h 20 h
sin (a+1) h v. Tiew SID R
(@)oo (et R X (el [ T ]
; s sin (a+1)h h Y
=l(a+1)+1 [ (a+1I)II3_>0 Gk 1]
= :lCl% f(£)=a¥2 (1)
Again, lir# f(a:)=],%'n3 f(0O+h) [Let x=0+h x— 0" = h— 0]

Vh+bh? — /R i vh(v/1+bh - 1)

bh*/2 h-0 bh*2

-

v1+bh - 1 v1+b . bh -
1+bh 5 1+h+l—hm 1+bh - 1

= lim DL D Y —e i A L
h0 bh Viibh+1 k50 bh (vi+bh+1)
- =1 ! =1
%E% Vvi+bh+1 2
= lim =4
lim f(z)=3 (i)
Also, f(O) =c ...(iii)

Hence, (i), (i) and (iif) = a+2= % =c = a =—%, c= % and continuity of

f does not depend on the value of b



Long Answer Questions-I-B (PYQ)

[4 Mark]

- dy _ (itlg y)
o1 If y* = ¢ 77 then prove that — = e
Ans.

Given, y* = &' 7*

Taking logarithm both sides, we get

log y*=log & =*

= xlogy=(y-x).loge = x.logy=(y-x)

Y
1+log y

= x(l+logy)=y = x=
Differentiating both sides with respect to y, we get

(1+log ).1 - y.(0+-;-)

aE
dy (1+log y)*
__ l4log y-1 log y
(1+log y)?' (1+log y)2

1+ 2
i g=(+0gy)

dx log y
[ Note : (i) log, mn = log, m + log_n |
(i) log, = =log, m — log, n
(iii ) log. m"™ = nlog, m
) (iv) loge=1 i
If ¥ = €77, then show that % = -&;—
Q2. {log (xe)}

Ans.

&

log (m)" = nlog m|



Given, x¥' = &* 77

Taking log both sides, we get
= logx'=loge'™” = ylogx=(x-y).loge [* log e=1]
=  ylogx=(x-y) = ylogx+y=x

dy (1+log z).1 — z.(0+é)

Y 1+log = dx (1+log z)?
dy 1+log z-1 log = »
S~ 3 ) [+ 1 =log €]
(1+log z) (log etlog z)
L &y _ese L & dge
dx (log ex )’ dx {log (ex)}®
.d |z /2 — 2, @1 (z)| 2 _ a2
Provethat.dx[2 a z* + -sin (a) = 4+/a T
Q.3.
Ans.
2
LHS = & (3va™=27) + & (s (5))= & GV~ @) + & (Fsin (3))
o 1 ¥ —— 2 1 1 Apply product rule
2 {x"z\/a2 Z fyat— } T - = *a [and inverse formula
2
= z* Vva? - z? a’
2va? - z2 i 2 T N2 — a2
_ Z4a? -z 4a? @ -2 = _
g e . R
d
If (cos x)” = (cos y)¥ then find —Jx!
Q.4.

Ans.



Given, (cos x)* = (cos y)*
Taking logrithm both sides, we get
log (cos x)* = log (cos y)*
= y.log (cos x) = x. log (cos y) '+ log m" = nlog m|
Differentiating both sides, we get

y.%(—sin x )+ log ( cos x)% =:z:.%y.(—sin y)_% +1log (cos y)

_ysinz
cosz

:csmy dy

+log (cosz).— L . =5 -5 Hlog (cosy)

zsmy dy ysinz

= log(cosz).— & ———

= log (cosy)+ ——

o

d sin z
= = [log(cos:c)+ S ] log (cosy)+ Tz

log(cosy)+?:+: _ log(cosy)+ytanz
iny ~ log(cosz)tztany

dy
= E = Zsiny
log (cos z )+ s

Q.5.
Find the value of % at @ =7, if x = ae (sm 8 — cos 8) and y = ae (sm 8 + cos 0).

Ans.



Given, x = aee(sin B-cosB) and y-= ac‘e(sin B + cos B)
Xx= aee(sin B8 - cos B)
Differentiating with respect to g, we get
%z- = ae’ (cos@ +sinf) + a(sinf — cosh).e’ = ae’ (cosh + sinf + sinf — cosb
- 2 ac%in O . ()
Again, v y-= aee(sin 6 + cos 0)

Differentiating with respect to 6, we get

I — aef (cosf — sinf) + a(sinf + cosf).e’” = ae’ (cosf — sinf + sinf + cos b

a0
=2 aé®. cos B sesi il
dy
dy "% _ 2ae’.cosé A ..
df
dy dy T
= s = = A —— 2o
e cot 6 dXJ,F_; cot7 =1
A ; dy _ sin’ (a+y)
06, If sin y = x sin (a + y), then prove that —— = ———.
Ans.
5 : sin y
. F— v Q Z 7 = —— |
Here, sin y = xsin (a+ y) ) =
—y sin (a+y). COSy.% — sin y.cos (a+y).% -

sin? (a+y)

= %{sin(a+y).cosy— siny. cos (a +y)} =sin® (a + y)

3 dy _ sin? (a+y) ] dy _ sin? (a+y)
dx sin (a+y — y) dx sin a



. . 1 2 _1 .
Differentiate tan! [++] with respect to x.
Q.7.

Ans.

T

1422 -1

Putx=tan® = BO=tan'x

Now, y=tan?! (—Htan i _1) = tan! (secO = )

tan @ tan @
i 1 0
. -1 cos @ _ -1 — COS
= tan (slz)—tan ( = )
[+ — 00z oo i
o™ ™
—> tan (—-5)tan0tan(-2-)
w o™
= —303
Tl
=~ 137
g
= (37 c(33)
2sin22
=tan? [ ——a—— | =tan™ (tanﬂ) —
<2sin;.cos%) 2 2
.4 =3 dy 1
= y=gtanz = F =gy

Q.8. Differentiate the following with respect to x:
(sin x)* + (cos x) %

Ans.



sin x

Let u= (sm x) and v = (cos \)

Given differential equation becomes y = u+ v

+

U
gl
e
gle

Now, u = (sin x)*
Taking log on both sides, we get
log u = xlog sin x

Differentiating with respect to x, we get

%.% = mgl.;—z.cosx + log sinz = % =wu(zcotx + log sinz)
= % = (sinz f{zcotz + log sinz} .. (1)

Again V= (COS X‘)sin X
T‘dking 108 on both sides, we get

log v = sin x . log cos x
Differentiating both sides with respect to x, we get

dv . 1

—sinz) + log (cosx).cosx

e = Sin z _ s’z
~ & —U{ o> T+ cosz.log cosa:}—(cosa:f {cosa:.log(cosx) m}

= & = (cosz)"*"*{log (cosz) - tan’z} - 1)

From (i), (i) and (iii), we get

dy 1isin z
— = (sinz)f*{zcotz +log sinz} + (cosz) sz fog (cosz) — tan® z}



dy

Q.9. If cosy =x cos (a+Yy), with cos a # £1, then prove that dx

. d? . dy
sina— +sin2(a+y)3 =0
Hence show that dx

Ans.

2
To prove % = w (Refer Q. 30 Page-208)

Differentiating both sides w.r.t. x, we get

d? ] dy
e si111a {—2cos(a+y).sm(a+y).a}

. d%y : dy
= sina— +sin2(a+y).— =0

cos® (a+y)
sina

Q.10. Differentiate the following with respect to:

Ans.

tan“l ( Vit — y1-z )
Vitz+y/1 -z



L _o- ! 4 (VI = )
dx i Vi—z 2 dx Vitz
Nizs
= 1
T - e
= 2 14z
Vitzx/Tiz s s
. VI - zxT+ = VIiExyT - z
! 1+z
= 1 2 1

B et S

it If y = log tan(f + %), then show that % —sec z =10,

Ans.

Given, y = log tan (ir- + ;)

d
= Ey - tan(;+%) % [tan(% - -;-)] = cot (% — -;-).sec2 (%' +
- wos(3+3) 1 - 1
sm(§+§) 2 cos2(§+§) 2sin(7"+§) cos(7+3)
o 1 _ 1 -
T ma(3el) (i) o oo
= % —secx =20 Hence proved.



X og X
Q.13. Differentiate the following function with respect to o (log X) + 2%,

Ans.
Let y = (log x)™ + x log

= y=u+v, whereu= (logx)’, v= LoB

U
gl&
e

2

+ £ (i)
Now, u = (log x)*
Taking logarithm on both sides, we get
log u = x.log (log x)
Differentiating both sides with respect to x, we get

.% =28, logz - ! +log(logz) = % —u{mﬁ +10g(10gw)}

=

&=

= %=(loga:)’{$ +log(log:c)} ...(10)
Again v = = xlos x
Taking logarithm of both sides, we get
log v = log x8*
= log v=1log x.log x = log v= (log x)*
Differentiating both sides with respect to x, we get
1y

e 2log:c -

dv __ log = logz

.. i)

From (i), (ii) and (iif), we get

= (logz F {— +Iog(loga:)} + ZM



Q.14.

If vV1- 22 4+ 4/1- 32 = a(z— y), then show that%: l—y:.
Ans.

Given, V1 — 22 +,/1-y2=a(z - y)

1 1

Putting x =sin@ = 0 =sin"' xand y=sin B = B =sin"" y, we get

1 - sin?a + 4/1 - sin’ B =a(sina — sinp)
= cos 0 + cos B = a(sin A - sin B)

= 2cos (a;ﬂ)cos (a ; ‘B) = a.2cos (QTH}) sin (a—;ﬁ)

= cot(a—;—ﬁ>=a 4 cM—i—ﬁ=cot”1a = a- fB=2cotla

1

= sin~! x - sin™!

y=2cot!a

Differentiating both sides with respect to x, we get

2

Vi1 — g2 \/l—yﬁdx dax 1- 22

1 1 dy_O = dy 1-y

Differentiate tan* \/11_12 with respect to sin (2z,/1— z2).
Q.15. B

Ans.



Let u=ta,n'1(‘/1”'_2) and v =sin" (2z,/1— z2)

We have to determine %

Put x=sin © = 0 =sin ! x

Now, 7t — tan™! ( sin 4 ) — —— (sino)
cos @

V1 — sin? 8
e du 1
= U= S . X = _—
dx V1 — z2

Again, v=sin? (2z,/1 - z2)
= wp=sin"? (2sinfy/1 — sin®?§ = sin! (2sinfcosf)

= v= sin'l(sin 29) = v=20

— 7g1 B g — 2
= V="Z2SI7 X = = P
] -y :
_._x—_
V2§ V2
=> sin (—%)sinOsm(%)
T ™
=2 297
W™ ™
W B
| == 20€ (-3:3) |
1
du
de & . Yi-22 1
v & 2z " 3
dax 1 =



Q.16.
If x = cos t(3 - 2cos? t) and y = sin £ (3 - 2sin? t), then find the value of % at t =7.
Ans.

Given, x = cos t(3 — 2cos’ t)
Differentiating both sides with respect to ¢, we get
dx " 9 ;
— = cost{0 + 4 cost.sint} + (3 — 2cos" t).( —sint)
= 4 sin £.cos” t— 3 sin £+ 2cos” ¢ sin ¢
= 6 sin tcos® t— 3 sin t= 3 sin t'(2coszt- l) = 3 sin (. cos 2t
Again, = y=sin ¢ (3 - 2 sin® ()
Differentiating both sides with respect to t, we get
dy . . o9
— =sint.{0 — 4sintcost} + (3 — 2sin” t}.cost
= —4sin®t.cost+ 3cost—2sin®t.cos t=23cos t— 6sin’ t.cos t

- 3cost(l — 2 sin? t) = 3cos t.cos 2t

dy
.4y _ & __ 3cost.cos2t
Now, dx & = Jsint cos2t
dt
dy
-d-; =cott
dy a3 . S
.d_x:lt:; - COt'Z =1
1

Q.17.

Differentiate tan (—'1;1) with respect to cos ! (2z.,/1 — 22 ), when x # 0.



Ans.

Let u = tan ( '1;”2) and v=cos’ (2z,/1 - z?)

We have to determine %

Put x=sin® = 0 =sin"! x

V1 — si 2
Now, u=tan’ (l_smg) =% gt (ooso)

sin 8 sin @

=  u=tan"! (cot 0) = wu=tan! [tan(;- — 9)]
= u=§—0 = u=-’2'-—sin“1a:
= duw_p 1 = Gu_ 1
& 7 & V=
Again, v = cos! (2z,/1 — z%)
x=sin©

v = cos - (2sinf4/1 - sin® )

= yv=cos! (2 sin 0 . cos 0)
= y=cos! (sin 29)
= y=cos’ (cos (-;- - 20))

= v=-’§ — 20 — v=-§ — 2sin!



dv. 2 oV 2
= E_O V1 - g2 = dx V1 - g2
1
a —
da: & oyi-=2 _ 1
dv & X . 2
& J1- a2
o s Lo B r
G
= sin(-%)sin@sin (§)
= 303
= —5203
= 7203
= w (g7 — 26)0
| = (% — 26) € (0,7r) C [0,x] |
; ; v ; 1 1
[Note: Here the range of x is taken as — - <T> W]

o1 Find j—i, if (z2+49%) =xy.

Ans.

-~ - . R A 25\ 2
Given, equation is (X~ + y°)° = xy.

Differentiating with respect to x, we get
dy dy
2(z? + y?). (2:1: 1 2ya) =z +y
= dz(z?+y?)+4y.(2? +y2).% = z.% +y

= {4y(z? +92)- 2} 2 =y - dz(z® +y?)

dy v 4z(z®4y?)
dx  4y(ziy?) =z

Q.19. Differentiate the following function with respect to x:

y= (sinz)* +sin’ /T



Ans.

Given, y = (sinz * +sin ' \/z
y=u+v, whereu= (sinx)¥ v=sin'/Z

+

gl
l

flE

El%

Now, u = (sin x)*
Taking log both sides, we get
log u = log (sin x)* =  log u=x.log (sin x)

Differentiating both sides with respect to x, we get

1

spzcosz +log sinz

=T

ElE

2 5
=

= % =u{zcotz +log sinz}

= % = (sinz f*{zcotz + log sinz}

Also, v =sin ! /T

dv 1

L 1
e \/1 7 X B S .. (1)

From (i), (if) and (iii), we get

1

dy . .
— = (sinzfF{zxcotz+log sinz} + ——
dx ( ):{ B } 2m

If y = cos! {3—”1‘3—— ‘51’:2}, then find %.
Q.20.

Ans.

..(dd)



3z44v1 - z2 }

Here, y = cos ! { &

et x= cos@ = A= cos ! x

Y = COS 1{362” +%\/1— cos’a}
y=cos ' {3cosa + gsina}

Let

e

_ 3 ind-— = 79 —./1- 2 4
= cosf s, sinf@=+/1-cos?28 =,/1 % = T
Now, y = cos™' fcos 6. cos a + sin 6. sin a

y=cos '(cos (0-0)) =0-a

7

=5 y:cos‘g-—cos‘z [ cosf= = 0=cos‘g-]

0| w

If y = cos™ (%), then find %

Q.21.
Ans.
. — - | 272
Given, y = cos (—1 ; (2”2)

[et 2X=tand = O =tan"' (2%

2 tan a )

-1
= COS
y (lltanza

=cos ! (sin2a)=cos ! (cos (5 — 2a)) =3 - 2«

= y=7 - 2tan’ (27)

2.2% log, 2 271 log, 2
144 1447

& g z_
= = =0 2“(21)2.logc2.2 =



0.2, Find I if y=sin? [zyT— z— Z\/T- 27].
Ans.

Given, y=sin' [z3/1— z — /T /1 - Z7]
=sin! [zy/1- (/z)" - VI 7]

= y=sin'z-sin'yz [usingsin' x-sin"' y=sin"! [z,/1- y? - yv1 - 2?]

Differentiating with respect to x, we get

dy 1 1 d
T‘; a \/1 x? \/1 (ﬁ)z dx(\/m—)

1 U S S 1
Vi-z JVT-z2'2/ 1oz 2/z(1 - z)

Find %, if y= (coszf* + (sinz)"*.
Q.23.

Ans.



Given, y = (cos x)* + (sin x) 1fx

y=u+v;  where u= (cos x)*

4

&l&
I
flE
ElF

Now u = (cos x)*

Taking log both sides, we get
log u = log (cos x)*

= log u= xlog (cos x)

Differentiating with respect to x, we get

d :
%E“ =— &.——sinz +log (cosz)
= %:u{log(cosz)— ztanz}

= (cos x)* jlog (cos x) - x tan x|

v = (sin x) Ix

(i)



Again, v = (sin x)""-‘

Taking log both sides, we get

logv = log (‘sinz)

Differentiating with respect to x, we get

g I R ;,cosa:+10g(5in93) (_'512')

V'dx Z°sinz
dv — v cotz log (sinz)
dx T z2
% 1/z | cotz log (sinzx)
= (sinz)"/ { B }

; r du dv - e 4
Putting the value of = and 4 10 equation (i), we get

% — (cosz)F{log (cosz)— ztanz} + (sinz)'/? {“’:z - log:”}

Q.24. Differentiate the following function with respect to

z : f(x)=tan (11;:)_ tan! (lzfgz)

Ans.
1(1-=z 1 42 1 (1 1 z|2
f(z) = tan (uz)”tan (1 22):tan (1|z.1)'tan (1 2.:)
= (tan”! 1 - tan”! x) - (tan™! x + tan™! 2) ( tan ' 2 b:tanla—tanlb)
14ab

=tan”' 1 -tan"' 2 -2 tan"' x

Differentiating with respect to x, we get

£(z)=— i

8|

If x'°y” = (x+ y)?°, then prove that % -
Q.25.
OR



Q.26. Differentiate with respect to x :

wod i F=%5
S11 e —
( 1+(36)° )

Ans.

If x"y" = (x+ y)™", then prove that % — %

ORI <22~ W (o D R B o 1V ot 5.2 0| 2 6%
Let y=sin ( )—sm ( )—sm (W

14(36) 14 (6%

Let 6*=tan® = OB=tan’! (6%

y=sin’ %) = y=sin' (sin26)

Ans.
Viiz? -1
Let u—=tan! (—) and v = tan"! x

z

We have to find 92
dv

T

Now, © = tan ! (—'“221)

let x=tan® = OB=tan!x

1)tan2 6 -1
u:tan‘[——t ]:tan'[s"co
an &

:tanl[l cos f msB]:tanl[l cos

cosfl “sind sin @

sin2
:tanl[ 2] :tanl(tan%) =2
COS?

)

— 1 cos @
] et ta'n [ sin 0
cos
; 2sin?2
] = tan 5
2sin3 COS—



Differentiating both sides with respect to x, we get

du 1 .
&= i (1)

Also, v = tan ' x

dv —1 =
= ax 1122 ...(u)

du e 1 l-lzz 1

& L@ 1 2

LE L i 0, th that & — o’ (aty)
0.28. xsin (a+y) +sin acos (a+ y) = 0, then prove that S="
Ans.

Given xsin (a+y) +sinacos (a+y) =0

sina. cos (a ty) .
= T=—————— = x=-sina.cot(a+y)
sin (ay) o

Differentiating with respect to y, we get

sin a

dx ——————————————
sin® (a ty)

3 — Tsina .cosec? (a+y)=

dy  sin®(aiy)
dx  sina

If &+ & =7, th that ¥ 4 v -z —,
0.20. + en prove e

Ans.



Given, e* + &' = &' "/

Differentiating both sides with respect to x, we get

Q.30.

Ans.

dy dy

T y & _ Ty ol

e +el.—=e {1+dx}

4l =ty ety T = (Y — V)& o _ T
“dx “dx dx

(e’+e”-ey)%:e’—e’—ey [ e +e¥=e"Y( given)]

dy dy oY

~ crpes R SO
. , x &

dy dy

N ¥z Ny -z _
] € = = +e =0

os 2t in 2t dy ylogz
If x= ¢ and y = & ,provethata_——zlogy.



We have
X = &8 2t
Differentiating w.r.t. f, we get

& — 82 (— 25in2t) = 2z sin 2t

. S 2
Again y ="

Differentiating w.r.t. f, we get

% — 812t D cos 2t — 2ycos 2t

dy
dy * 2y cos 2t

dx dx 7 -2zsin 2t
ot
dy y cos 2t o cos 2t sin 21t : ]
= i [ X = ¢ = log x=cos 2 y=¢€ = log y = sin 2t
L &yl
dx z logy

Hence proved.

Long Answer Questions-1-B (OIQ)

[4 Mark]

fy=4/ S Y then find .

Q.1.

Ans.



- (z - 3)(z%14)
(leen, Y= \/W
Taking log on both sides, we get
logy = %[log (z— 3)+log (2% +4) - log (3z% + 4z + 5)]

Differentiating both sides with respect to x, we get

_ s a 1 0 1
=3 [z R x 2z e x(6:1;+4)]

gl&

i
]

dy vy [_1 42 6zid
dx 2: |’z =3 z2 44 322 14z 15

___i (x - 3)(z21+4) 1, 2z _ _6zi4
7 322 44145 z -3 7244 3r244r15

Q.2. Find the derivative of y with respect to x, where y = (x)s" X + (sin x)*.

&

Ans.
Given, y = (x)™"* + (sin x)* ..(1)
Let u=x"" and v = (sin x)* then (i) becomes y = u+ v

dy du dv B
= wTa T (1)

First consider, u = x*"*

Taking log on both sides, we get log u = sin x. log x

Differentiating with respect to x, we get

1 du __ : 1 du sin
-3y =cosz.logz+sinz. = = —u(cosa:logz+ = )

&

= % = (z 2 [cosz(logz)+ s“;z] (1)



Again consider, v = (sin x)*
Taking log on both sides, we get log v = x log sin x
Differentiating with respect to x, we get

1dv : 1 dv

1g — 1-log sinz +z.—.cosz = = =v(log sinz +zcotz)

%:(sinz)’[log sinz + z cot z/ (V)

From (ii), (i) and (iv), we get

= (o]

=Z| + (sinz ) [log sinz + zcotz|

If y=[z+ /2% +a? ",thenprovethat%: I:iaz
Q.3. &

We have, y= [z + /2?2 +a?]* = 1:&:%[{:r:+\/:r:2+a2}"]
=n{z+ /22 +a2}" ‘%{z+\/x2+a25 [By chain rule]
=n{z+ /22 + a2}"".{£(z)+%\/z2+a2}
=n{z+ /2% +a®}" ‘.{1+%(a:2+a2):zl.{:;(m2+a2)}

=n{z+/22 +a*}" ! {1+—2z}—n{z+\/z +a2}* ! {1+W}

=n{z+/22 +a?}" 1{ :zmz,z}:n{“”z'az}"

V22 a2 Vz?ra?

ny

Vztia®

dy _
= a—

Q.4.
If y/22 + 1 =log (v/22 + 1 — ), then show that (z2 —|—1)dx+xy+1—0

Ans.



Given yy/z% +1=1log (/22 +1 - z)

Differentiating with respect to x on both sides, we get

1 2w _ 1 ! -
e x 2z + /T Tl T e ey x(2\/zz“ X 2z 1)
xy 2 ﬂ_(’z“ )
n \/13|1+\/z +1d1 (vz:+1l — )
CRE RN~ v T i
vz i1 dx (i) - z)
Xy T
= ‘/22|1+\/z +ldx z2 41
dy 1 xy
2 19 _
= ofE g e
3 dy - (1ixy)
=5 i +1- = T

Hence, (z2 +1)%i— +xy+1=0

05 Find % :y= (sinz) + (cosz)*"*.

Ans.



Given, y= (sin X)"' + (COS X')lan X
Let u= (Sil’l Xi)x and v= (COS X)(an X

We have, y = u + v then

.

&le
[
B
%
——
~—

Now, u = (sin x)*
Taking log on both sides, we get log u = x log sin x

Differentiating both sides, with respect to x, we have

1

1 du 3
T — T X gz Xcosz +log sinz

% =u(zcotz+log sinz)

%:- = (sinz f* (zcotz + log sinz)
Again, v = (cos xf)"‘"‘ ¥
Taking log on both sides, we get

log v= tan x [log cos x]

Differentiating both sides with respect to x, we get

.. i)



1 dv 1 2 2
3.5 = tan X o= X (- sin z)+log cos = x sec”
2 2
= — tan® x + sec” x log cos x
% —uv(sec®zlog cosz — tan’z)
p 2 2 a0
= (cos x)™"* (sec” xlog cos x - tan® x) .o (1)

From (i), (‘ii) and (’iii), we have

dy

+ = (sinz ) (zcotz +log sinz) + (cosz )™ (sec’ zlog cosz — tan’z)

Q.6.

- |- : 3 -1 . SO T
If x € R - [-1, 1] then prove that the derivative of sec™" x with respect to x is P
Ans.

Let y = sec™! x

Then, sec y = sec (sec”' x) = x

Differentiating both sides with respect to x, we have

d d
= Ssecy= a(:t)

d dy
= E(Secy)ﬁ =11

d : A
= secytan y% =1 [Usmg chain rule]
d
s YL 1 o 1
dx  secytany  |secy||tany]
= ﬂ = = = L — 3
dx | sec yl,/tan? y | sec yly/sec?y — 1 |z]vz? 1



[If z1, then ye (0,7)

secy >0, tany >0
= |secy|.|tany| =secytany
If z — 1, then
ye (3.m).. secy<0, tan y<0
= |secy|tany|

| = (—secy)(-tany)=secytany




Long Answer Questions-I-C (PYQ)

[4 Marks]

Ql. lfx=acos®+bsinBandy=asin0-b cos 0, then show that

9d’y  dy _
Voo™ uty="0

Ans.

Given, x = 2acos O + bsin O

U
Sk

=—asinf + bcos# (1)

Also, y = asin 6 - b cos ©

dy » .

= —acosf@+ bsinf ...(_n)

d = 91 bsin 0

Y @ _ acos@ibsin

&~ E = T [From (i) and (ii)]

dy  acosfibsind dy =z
= dx  bcos@  asinf = x v '"(”I)

Differentiating again with respect to x, we get

dy
d’y B vz
x> v
vy zal¥ 4 2
Y dx* Y dx
= RO =1
y dx2 dx y_

0.2 Ify=Pe“+er‘,thenshowthat% — (a—}—b)% +aby =10

Ans.



Given, y = P + Qe™

On differentiating with respect to x, we have

Again, differentiating with respect to x, we have

d’y
ax?

— Pa2e2* + Qb? ebx
d?* d
Now, LHS = ;‘;— (a+b)= +aby
= Pi?e™ + Qb*™ — (a+ b)(Pae™ + Qbe™) + ab (Pe™ + Q&™)
= Pi?e™ + Qb — Pa'e™ - Pabe™ - Qabe™ — Qb?e™ + Pabe™ + Qabe™
= 0 = RHS

03, If y = sin (log x), then prove that a:2%’ - % +y=0.

Ans.

Given, y = sin (log x)

= %:cos(logz)x%:w
. dy z[ sin(logz)x%] cos (log z) —cos (logz) - sin (log z)
Again, == = = ]

__ad dy
Now, LHS =z ?+m§+y

z?{ cos (logz) - sin (log z)} zcos (logz)
— 5 -+ =
z

+sin (logz)

= ~ cos (log x) - sin (log x) + cos (log x) + sin (log x) = 0 = RHS

d? d
04 If y=log [z + /22 + 1], then prove that (z2+1)ﬁ +m§ <=0



Ans.

Given, y =log [z + /2% +1]

Differentating with respect to x, we get

. QI;X - e B (z+,/z* 1)
dx  z4./7241 2y/z2 41 (T+y/2211)x /22 41
dy 1

= _
dx VIl

Differentiating again with respect to x, we get

dy 1, 9 3/2 _ z
— =—3(z*+1) "2z = P
2 dy T
= (:B -*_l)dx2 o Vzzil

d%y d
= (a:2+1)g +a:$y =0

0s If y = 22 then show that (1 - )50 — 3% — y=o.

Ans.



sin!z

Given, y = 7

1 -z

Differentiating with respect to x, we get

iz 1 sinz.——=
dy - V1 - 22 /1 - 22 _ Lixy
E = (\/1 X 22)2 = 1 z2 (1)

Again differentiating with respect to x, we get

a0 zz).(z.%ly) F(1ixy).2z
= @ — =

dx* (1-z2)

9, dy dy (14xy).2z
= (l—x)zx?:x.a--{-y-i-——l——;—
d* dy d & A
= (1- mz).ﬁ:ma +y+2:1:ay lusing ()]
d%y dy

T e i a8 508 55y
o6, y= (smx+cosx), en show ta;z-— & t2y=
Ans.
Given, y = €" (sin x + cos X)

dy _ a2 . .

4 — ¢ (cos z—sin z)+ (sinz +cosz).e”

dy o5 z
= = 2e* cosx

dy
= 3;—281COSZ
= % =2 (—e"sin z +cos . €e*

=~ 2 sin x+ 2e* cos x =~ 2" sin x - 2¢* cos x + 4¢* cos x

Now, = —2€” (sin ¢ +cosz)+ 2. (2e* cos z) = —2y+2%

d*y dy



If y = cosec™! x, x> 1, then show that z (2 — 1}% + (2z% — 1)% =0

Q.7.
Ans.

y= cosec™! x

Differentiating with respect to x, we get

dy -1

dax z\/22—1

Again differentiating with respect to x, we get

z\/z2-1.0+145 z. el +y/22—-1
d’y { 2;;:2—1 }
o 22 (z2-1)

d2y 2 +z2-1

sx dy _ _ 2221
dx? z2(72-1). /221 Vz2-1.z%(z2-1)
2ot = (1) (-2)

2 d’y 2 dy
= ez —1)Q+(2z —1)= =0
. =1 2 4% dy
08 If y = sin x,showthat(l—a:)y—ma=0.

Ans.



y=sin"! x

Differentiating with respect to x, we get

=> \/1~22% i |

Again differentiating with respect to x, we get

\/1—:_::"’?:2’2'-%ﬂ Ree) —0

dx " 2,/1 22
=5 (1-::;2)%—%:0

If y = 3 cos (log x) + 4 sin (log x), show that

9 d’y dy o
z E+.'z:d—x +y=0.

Q.9.

Ans.
Given, y =3 cos (log x) + 4 sin (log x)
Differentiating with respect to x, we get

3sin (log z) 4cos (logz)
= T T

dy
dax
= y;==/—3sin (logz)+4cos (logz)|

Again differentiating with respect to x, we get

| Rowiius) 48 2'“‘"],/ 3sin (log z) 14 cos ( log z)]

d’y T
e 7

3cos (logz) 4sin (logz)13sin (logz)i4cos (logz)
d’y sin (logz) 7cos (logz)

2 z2



sin (logz) 7 cos (logz)
= Y2= -

Now, LHS = ¥*y, + xy; + ¥

9 sin (logz) Tcos (logz)
—J 3 ( =

) +zx +[—3sin (logz)+4cos (logz)] + 3 cos (log x) + 4 sin (log
X)

= - sin (log x) - 7 cos (log x) ~ 3 sin (log x) + 4 cos (log x)+ 3 cos (log x) + 4 sin (log x)

=0 = RHS
Q.10.
Ifx=a (cos t+tsinf)and y=a (sint-tcost), 0<t< X, find ‘;—:f,';—zf d %.
Ans.

Given, x = a (cos t + tsin t')

Differentiating both sides with respect to t, we get

dx

5 — @ —sint+tcost+sint)

dx
= d—t_atcost

Differentiating again with respect to , we get

d’z

o a( —tsint +cost)=a(cost—tsint)
Again, y = a (sin t - tcos {)

Differentiating with respect to , we get

dy 3 -
= =a(cos t+tsin t — cost)



dy .
= E_atsmt

Differentiating again with respect to t we get

d*y
= =a(tcost+sint)

Now o d‘/—d’ [from (i) and (ii)]
' dx d‘/‘k L :

Differentiating again with respect to x, we get

d Y dt 1 3 &
<a — sec? to = sec? ¢, e i af"cm:t [from (1)]
_ sectt
= ~at

Hence ‘;t" afcost—tsint)

and ? —a(tcost+sint)and —; dzy = o

If z = a (cost +log tan 3 ),y = a sint, then find -‘f—f—and 51—2%.
Q.11. ot dx

Ans.



Given, z = a (cos t + log tan %)

Differentiating with respect to , we get

B3] -

& o —sint+——.sec? &,
dt tan—; 2

- 1 e BRI}
a{—smt+r}—a{ Smt+sint}

t
dx 1 sin®t _acoszt
dt sin t ~ Y sin ¢
y=asint

Differentiating with respect to , we get

d d? .
—y=a.COSt = —y:—asmt
dt dtz
dy dy /dt a cos t.sin ¢
dx ~ dx/dt  acos’t =tant
d i -
v —sec2 t. 3t _gec2 g lxsint _ lgacd ¢ gin¢
dx? dx a cos? t a
d . d 14 :
Hence, ®¥ — _ q gin ¢t and &Y —mctesm ¢
dx ax a

o w _ t d’y
012 If z=asintand y=a (cos t+log tan ), then find <

Ans.



Given, x = asin t

Differentiating both sides with respect to t, we get
dx o
3 —acost (1)

Again, ~y=a [cos t +log (tani)]

Differentiating both sides with respect to ¢, we get

%:a —sin t+ m:_;seczéé]
= Fo[-smet ]
3 _cl)::a(l-sinzt)
dt sin £
% S (i
R B S [From (i) and (i)]
%zcott

Differentiating again with respect to x, we get

d*y 9, dt
= = — cosec t.—&;
d*y 2 1 cosec?
= ?=—cosec t'aoost= a cos t
2
If = log [:c+ a:2+a2], show that (m2+a2)§ —l—m% = 0.
Q.13.

Ans.



Given y = log [z + y/z? +a?]

dy 1 2z
= e 2o g BF <
dx T |y/z% a2 [ 22 2 x’iaz]
dy z4+/7%1a?
= —_—
dx (zi‘/zz}az)(\/leaz)
dy 1 A
= oe— ] 9 ¢
(k ‘/22“12 ( )

Differentiating again with respect to x, we get

d? 3
Sl +a) T 2=
(z2102)7

R . z

dx* (22 1a2).\/7? 1a?

2 , 2,d%
= Evala =g
d* d .

= (2 +a2)$§ +a:.5x{ =0 [from (i)]

If x= acos® 6 and y = asin® 6, then find the value of d—zfat 0 =5.
Q.14. dx

Ans.



g 3
Given, x = acos” 0

Differentiating both sides with respect to 6, we get

&

— —3a cos® 0.sin @ (1)
Also, y = asin’0

Differentiating both sides with respect to 6, we get

% =3a Sill2 0.cos @ (”)
d cm/d in2
Now ¥ _ y _ _3asin’6@.cos @
A aafy 3a cos? 0. sin 0
dy__
= tan 0
=5 dzy_ 29d0
SEED T sec .E
= —sec2 @
" "3acos?0.sin @
iz ¥ 4
= 3-8ec 6. cosec 8
. d%y 1 - L
. @L_ o TR (i SOEBG
=0
4
=2.(2) x2a=2
3a V3 27a
dy 1(dy 2
If y = x*, then prove that ——=( = ) —
Q.15 dx? ¥\ dx

Ans.



Given, y = x"
Taking logarithm on both sides, we get
log y = x.log x

Differentiating both sides, we get

%=y(1+log:c) ..(1)

Again differentiating both sides, we get

d2y

dy
= =y.% + (1 +loga:).E

i |From (i)]

o6 If y=z3log (%), then prove that x% — 2% +3z2 =0.

Ans.



The given differential equation is y = z° log (%)

d 1
= % =z’ (?1) +log 2.3z =— 2% + 32.log (3)

ay-. 2 3 .3 1
= =i +;.a:log(;)
= xﬂ=—m3+3y

dx

Again differentiating with respect to x

dy 9d’y o 9 dy
= T4+ 3=-3z +3a;
d’y o dy 9

Hence proved.

Kiy— (X+ 1+X2) , then show that

017 (1+m2)%+x%=n2y

AnNs.



Given y = (:c + +/1+ ac?)n

Differentiating with respect to x, we get

ay’ A2 p-l 9z

dy q T+4/1+z2

— dy n(z+/1+z2 "
dx Vv1+a?
- 9_
dx V1+z?

= 4/1 +a:2.% =ny

Again differentiating with respect to x, we get
d’y 2z dy dy
Vit+z S+ . =n_
x> 21422 A dx
> (1+22)F 4z H_n v/ 1+ z? .1
dx “dx i “dx

d d
e (1+x2)a}}: +:cd—§ =n.\/1+x2.——%

2
= (1+a:2)% +w%=n2y



Long Answer Questions-I-D (PYQ)

[4 Marks]

Q.1. Verify Lagrange’s mean value theorem for the following function:
f(x) =x2+ 2x + 3, for [4, 6].

Ans.

f(x) = X+ 2x+ 3 for 4, 6]
i.  Given function is a polynomial hence it is continuous.
ii. f(x) = 2x+ 2 which is differentiable.

1

N

f(4) =16 +8+3=27and £(6) =36+ 12+3 =

=  f(4) # £(6). All conditions of mean value theorem are satisfied.

There exist at least one real value ¢ € (4, 6)

6)—
such that f'(¢c)= % = -2; 5 b

= 2c+ 2 =12 or c=5€(4.6)

Hence, Lagrange’ mean value theorem is verified.

Q.2. Verify Mean Value theorem for the function f(x) = 2 sin x + sin 2x on
[0, m].

Ans.

We have,
f(x) = 2 sin x + sin 2x
f(x) is continuous in [0, 1] being trigonometric function.

Also f(x) is differentiable on (0, ).



Hence, condition of Mean Value theorem is satisfied.
Therefore, mean value theorem is applicable.

So, 3 a real number c such that

fi(e)= 110 (i)

Now f(0)=2sin0+sin0=0
f(p)=2sinT+sin2m=0
and f'(x) =2 cos x + 2 cos 2x

f(c)=2cosc+ 2cos 2c
From (i)

0-0

2cos ¢+ 2cos 2¢c = —

= 2cosc+2cos2c=0

= 2cosc+2(2cos?c—-1)=0

= cosc+2cos2c—-1=0

= 2cos2c+cosc—-1=0

= 2cos2c+2cosc—cosc—-1=0

= 2cosc(cosc+1)—1(cosc+1)=0



= (cosec+1)(2cosc—1)=0

1
= cosc=—1andcosc=-§
= ¢=Trand c=§-

c=%€ (0,m)

Hence Mean Value theorem is verified.

Long Answer Questions-I-D (OIQ)

[4 Marks]

Q.1. Verify Lagrange’s mean value theorem for the function

flz)==+3 m [1,3],

Ans.

Given, f(z)=z+ = or f(z)= gt

T

i. Since f{x) is a rational function such that the denominator is not zero for any value
in [1, 3], it is a continuous function.

ae ! 1 2 W P SRARE 3 R . ) . . 2

ii fi(z)=1-— = Which exist in (1, 3) & f(x) is differentiable in (1, 3)

Thus, all the conditions of Lagrange’s Mean Value theorem are satisfied. Hence, there exist

at least one real value ¢ such that

fl(e)=10 (i)

where f'(c)=1— C—IQ;f(b)= T(3)= % and f(a) = f(1) = 2 .. (1)



From (i) and (ii), we get

102

1 <
= =

1 5 =T
c2-1 2
=> ez
c? 3

= 32-3=22
= 2=3
= c=++3

Neglectinge=— /3 as— /3¢ (1,3) .. c=+3€(1,3)

Hence, Lagrange’s mean value theorem is verified.

Q.2. Using Rolle’s theorem, find the points on the curve y = x2, where x € [-
2, 2] and the tangent is parallel to x-axis.

Ans.



f(x) = x°

i. f(x) is a polynomial, hence continuous in [-2, 2|
ii. £(x) = 2x which exist in [-2, 2]
* f(x) is differentiable in [-2, 2]
iii. f(-2) = (-2)° =4
f2) = (2)* =4
f(2) = f(-2)
Thus, all the conditions of Rolle’s theorem are applicable, then there exist at least

one real value ¢ such that

F(C)=0
= 2c=0
= ¢=0

when x=0, y= (0)2 =0
(0, 0) is the required point.
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