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Differential Equations Ex 22.11 Q1

Let & bhe the surface area of balloon, so

A4

— = ¥

gr
= d—’q = A

at

= %{4;?."2) - At

= Elm’d—r=/?.t
at
= Brrdr=A¢
= Ba[rdr=A[tat
reooaet
= Br—=_+c
2 2
2
= 4m’2=%+c————[1}

Given r =1 unit when # =10, so
4n (1) = 0+c

= 45 =

Using it is equation i),
2
4ﬂrz=£+4ﬂ————{2}
2

&lso, given r = 2 units when t = 3 sec.

4x [2)° = ”2_3}2+ 4o

= 1E|JT=EE+4JT
2
= E/i‘.=121r
2

24
= A=—nr

Q
= l=EJr

3

Now,equation {2} becomes

g
4ar?= 2242 4 ag

]
= 4 {rz— 1) g
3
1
= ré-_1=2¢?
= rf=1+2¢°

= [1+it2J
3
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Let the population after time ¢ be # and initial population be R,
So,

9P 5% x P
ot
-, gr_#
qat 20
= 2097 _g¢
=)

= EDJG"T'D=jrjr

= 20log|e|=t +c - - - - (1)

Given 2 = £ when =0
20logfF,)=0+c
= zologfr,)=c

Mow, equation (1) becomes

zologfP) = ¢+ 20log(s, )

.
20l — | =t
= DQ[P ]

o

Let time is ¢, when # = 25, so,
28
20log [—] =t
'DD
= 20logz =14

Required time period = 20log2 years
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Let # be the population at any time ¢ and £, be the initial population.
So

ar
—_—
at
ar _
ar
= ae _ Adt

at

fal

AL

ar
at
= loge = At +c - - - (1)

= | =A[dt+

Here, # =2 twhen =10,
log({e,)=0+c
= c =logf#,)

Mow, equation {1) becomes

log(#) = 2t +logfr,)

= Iug['oi]:Et———{E]

o

Given 2 = 28 when ¢ = 25

28
log| —% | = 254
'DD

= log2 =252
2092
25

Now equation {2) becomes
log [i] = (—lDQEJt
A 25

let #; be the time to become population 500000 from 100000, =sa,
Loaoao logz
og = 1
100000 25
_ 25 1og &
log 2
25(1.609) c
- [06931)

= Lo

Required time =58 years
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Let C be the count of bacteria at any time t.
It is given that
dC
—ocC
ar o
dcC . . .
= ar =AC, where A is a constant of proportionality

:-£=)xdr

C
#fd—(f:)xfdr

= logC=A+logk....(1)

Initially, at t =0, C= 100000

Thus, we have,
logl00000=Ax0+logkK....(2)

= |og 100000 =logk....(3)

Att=2, C=100000+ 100000 x % = 110000
Thus, from (1), we have,
logllOC00=Ax2+logk....(4)

Subtracting equation (2) from (4), we have,
log 110000 —1ogl00000=2A

= |og 1]l 10000 —1ogl0x=10000=2A

g 11X10000 _
970 10000

#Iog%=2ﬁ
111

A= —log——...(5

=A= 510975 0)

We need to find the time 't" in which the count reaches 200000.
Substituting the values of A and K from equations (3) and (5) in equation (1), we have

l0g200000 = %Iog%r +10g 100000

#%Iog%rﬂogEDODDD—IongODDD
==-i|o £r=|o 200000

2?9770 " ~"°9 700000

1 11

—log——t=log2
BT
=f= 21092 hours

10
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Given that, interest is compounded 6% per annum. Let £ be principal

ar _ Pr.
ot 100
ar __r
ot 100
e r
I =I1m
"
logf = —+c---|1
d 100 [}

Let £, be theinitial principal at £ =10,
logfe,)=0+c
c =logfs,)

Put value of C is equation (1)

t
IDg[P]=1I';—D+IDg[PD]
o i =."_f'

92 | Too

Case I
Here, £, = 1000,¢ =10 yvears and r =&
£ =10
log| —— | =
1000 100
log# - log 1000= 0.5

log £ =loge™® +log 1000
= Iug(e':"5+1EIDEI)
=logfl.522 +1000)

log# = log 1822

<0,
£ =Rs1822

Rs 1000 will be Rs 1822 after 10 years
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Let 4 be the amount of bacteria present at time ¢ and A, be the initial amount

of bacteria. Here,
a4
—_—
at
aA _
ar
A4
—— = Adt
I ¥ I

A

A4

log A=At +c--- (1)

Whent=0 A=4,
log{4,)=0+c
c=log4,

Using equation (1},
logA=At+log A,

A
log [—J =At---—- (=)
A
Given, bacteria triples is & hours, so 4 =34,, when ¢=5
34,
=0, log =51
l'qul
log3 =51
. log3
L

Putting the value of 2 in equation (2)

log [i] = —ng3 t

A, 5
Case I let 4y be the number of bacteria present 10 hours, os
A
log Bl I ll:liaxllj
LA 5
A
log| —L|=2log3
LA
Ay
log| =X | = 2{1.0986)
LA
A
Ing[—1] =2,1972
A,
21972
A= Ae
A =4A,9

thus

There will be 9 times the bateria presentis 10 hours,

Case II: let &, be the time necessary for the bacteria to be 10 times, os

Iug[i] _ Ing3 =T

A, [5
104 log 3
log o |- 29 xity
A, 5
Elogld=1log3d
5I|:||;|1I:| - 1,
log 3
Slog1lo

Required time is haours

log 3
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Let P be the population of the city at any time t.
It is given that
dP
— o P
ar >
dP . . .
= o = AP, where A is a constant of proportionality

:£=Adr

P
#fd—;D:)xfdr

= logP=At +logk....(1)

Initially, at t = 1990, F=200000

Thus, we have,

log200000=Ax 1990+ logk....(2)

At t=2000, P=250000

Thus, from (1), we have,
log250000=Ax2000+ logk....(3)
Subtracting equation (2) from (3), we have,
log250000 —1log200000=10A

4
log— =10A
1 4

Substituting the value of A from equation (4) in equation (1), we have

log200000= 1930 = l—lﬂlogg +logk

= logk =1og200000 — 199x|og%....(5)
Substituting the value of A, logk and t=2010 in equation (1), we have
|OQP={L|OQi}2D1D+|Og2DDDDO— 199x|og%

10 5
201

4 5 199
==-IogP=Iog{E} +log EDDDDOX(IJ

4 201 5 129
==-P={E} XEDDDDDX(E]

5 \¢ 25
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Given,
- i
C {x]=a=2+|:|.15x
dC = [2+0.15x)ax
JdC = (2 +0.18x)ax

0.15x%
=25 +

+A----[1)

Given C =100 when x =0, s0
100=0+0+24
A =100
Put the value of 2 in equation {1) total cost function is

2
0.15% + 100

Clx) =25+

Cx)=2x+ 0.075%% +100
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Let # be principal at any time ¢ at the rate of ¥% per annum, so

ar _ br
ot 100
G"P_ r
P 100
I':"'_'D=ng'f
= 100
i
logl = — +c---[1
ag T (1)

Let £, be the initial amount, so
log(f,)=0+c
¢ =log(e,)
Put the value of C in equation (1},
a3
logf = — +1og#
= 100 = RS

s

log £ - logk, = oo

F it
log| — | = —
[P,:,] 100
Fort=1,r=8%
= =
log| — | =
g, | 100

fal
log— =0.08
9%

L]

= o008

=1.0833

-1=1.0833-1

n-Ul-U n-c'l-'?.'l g-':'l-'?_'l

o

% _nopea3
2]

o

percentage increase in amount in one year
=0.0833 =100
=8.33%

Required percentage = 8.33%
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Herg,
i .
L—+8i=£
dt
al R, E
4+ -
gt L L
It is alinear differential equation. Compound it with d—\“'f+Py =0Q
H

Solution of the equation is given by
i [I.F.] = IQ[I.F.]G‘t+c

[ﬁl*]dm

11]
—
r~| M
-
3
|

=]

m
—
|1
—
3
]
r-|m
A1
—
|
—
—
+
]

Using Equation [1)

c_F_FLTr
= B
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Let A4 be the quantity af mass at any time t, so
34

O A
ar

98 24

ap

94 _ _adr
A

A

o _afat
Eape]

logA=-at+c---[1)

Letinitial quantity of mass be 4, so
log 4, = -2 {0)+c
log{4,)=c

Now, equation (1) becames,

log A= -t +log 4,

A
log| — | = -4t
o %)
1

Let #; be the required time to half the mass, s0 4 = EAD,

Mow, log [i] = -it

"ql:l

A
log| — | = =&t
(%)
-logz = -1t
1
Zlog2 =+t
2 g

Required time is % l[og2 units where 2 is constant of proportionality.
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Let A be the quantity of radius at any time &, so

d_"qux,-q

ar

dA
a4
ar

94 _ _at

A

A

7 _afar
1,4 I
logA=-At+c--- (1)

Let &, be the initial amount of radius percentage , so
log 4, = -2 {0) +c
¢ =logfA,)

Using, equation (1},
log A= -At+log 4,

log i] = At ---—- (2)
I‘L"ql:l
Given,its half-life is 1590 wears, so
La,
log 2,4 = -2(1590)

o

b
1
|ug[§] = -i{1590)
-log2 = -4 {1590)
log2 = 2{1590)

log2 _2
1590

Now, equation [1) becomes

log A =——|Dg2t
A, 1590
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Slope of tangent at point {x,v) = X

¥
dy X
@y
vy = —xdy
[ydt=—[wdx
2 2
x2+pi=c----- (1)

Given, curve is passing through (3,- 4], so

[3]2 + [—4]2 =c
9+16=c
=25

So, using equation (1},

X2+y2=25

X2+y2=25



Differential Equations Ex 22.11 Q14

dy 2z ay

- = + —
¥ o bty 4 ol
dy dy 2
G"X+XG"X_y ¥

G"}R @
1 — = -
{ +X}a‘x jra——

gy  dx
y-yz T l+x
dy a

wii-v) T 14w

[1 1 }j ax
=+ = |
[ 1+x

|'3"§I|}”|—|Dg|1—y=|Dg|1+x||+|u:|g|c|
L -cfn
.y cfl+x)
v=[{1-ylcll+x)----[1)

Itis passing through (2,2) so,

z=[1-2)c(1+2)

2=-3c
2

c=-—=
3

Now,eguation [1) becomes,

2
y=-Zf{t-v}{r+x)
3y =-2{l+x-y-xy)
Ay +2+ 2w -2y -2xy =0
Y4+ 2x-2xy +2=0

2wy —-2x-2-w=10
Chapter 22 Differential Equations Ex 22.11 Q15

It is passing through [1, %J, =0,

tan [%J = -logft|+c

l1=0+c
c=1
Mow, equation (1) becomes

oo
tan{xJ loglx|+ 1

Therefare,

kan [i] = log
X

Differential Equations Ex 22.11 Q16
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Let P {x,y]) be the point of contact of tangent and curve v = £ [x). and It cuts axes
at 4 and 8 so, equatin of tangent at 2 [, y)

ay
V—y=a[X—X]

Putx =10
ay
[P LAk
pimemolx)
dy
Vo= -
i v i's
So, coordinate of 4 = [D,y -5 d—y]
b
Put ¥ =10,

d
D—y=£[X—X]

Coordinate of & = [X -y d—X,D]
dy

Given, [intercept on x -axis) = 4{ardinate)

It is alinear different equation. Comparing it with 3—X+ P =

prai il e g
"

IF. = gled¥

1
[ =av
=g ¥
o e—lng}r
1

¥
Solution of the equation is given by,

x[iF)=[QflF)dy +logc

oo

x
—=-4logy +logc
¥

Lt
e}":%
¥
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Slope at any point = v +2x
dy

Loys2

= Vot 2

dy

— - =2

(o 4
Itis alinear differential equation. comparing it with g—i +Py =0
p=-1,Q=2x

rEs =alfex

_ -t

=g "

Solution of the equation is given by
(fF)=[Q(lF)ax+c
v (e"‘) = ][EX](E_x)dX +C
% (e"‘) =2 xe " dy +
W (e"‘) = E[X (—e'x) + Ile'xdx]+c
% (e"‘) =-2xe™ - 227" +c
Wo=-2x -2+c8”
v+2x+1)=ce” - --[1)

It is passing through arigin,
0+2 [0+1) = ce”
2=c

Now, equation [1) becomes,

v +2[x+1) = 287
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Given, tangent makes on angle tan™ [Ex +3y] with x-axis,

Slope of tangent = tan&
dy -
i tan{tan 1[:2)( +3y])

z:—i=2)(+3y

ay
— -3y = Zx
ax Y

Itis alinear differetial equation comparing it with z:—i + Py =Q

P =-30Q=2x

1FE el
- e—[?.-a'x

Pty

= ;_:,n_?""r
Solution of the equation an given by

y(IL.F)=[Q[I.F)ay+c

Y {9'3”) = [2xe Fdx + ¢

EESENCA N

-2 ey Eje'axdx +C
3 3

W (9'3”) = —Exe'a’f + %e'a" +c

3
2 3
==X -——=+CE" ———— - 1
y=-ox -3 (1)
It is passing through (1,2),
2=—E—E+ce3
3 9
g
2=-"4ce?
9
20 _ B
9
26
c=""g7"
9

Now equation {1} becomes,
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Let # (x,y] be the point of contact of tangent whit curve v = #{x) equatin of

tangent at 2 (x, ) is
dy
Yooy o= E{X - x)

Puty =0
ay
-y = |X-Xx
y=——(-x)
[tk
X=X -—
(wi's

Coordinate of 8 = [X -y d—X,D]
dy

Given, (intercept anx -axis) = 4x

N—-y —=2x
de
ax
-y = 2N - X
yd}f
I
dy
o _dy
A ¥
(wg d
[Raliy 4
M ¥
-logx =logy +c - - - (1)
It is passing through (1,2)
-logl =logZ +c
c=-logZ

Put cin equation [1)
-logx =logy - log2

1

x 2
Ky =12
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X[X+1]j—i—y=x[x+1]

dy _X[X+1]
s X[X+1]_X[X+1]
dy __ ¥ 4

ax  x[x+1)

It is linear differential equation coparing it with g—iﬂﬂy =0
__ 1

xfx +1)
1

IE. = eIx x+1jdx

e

_ e—loglr|+|og|x+1|

log x+1
x

=g
_x+1
o x

Solution of the equation is given by

y[IF)=[Q[IF)dx +c
X +1 X +1

y[ - J=I[ - Ja‘x+c

y[x;l]=j[l+%]dx+c

y[x;l]=x+lug|x|+c———[1]

It is passing through [1,0), so
O=1+logfl)+c
-1=c

Now,equation {1] becomes,

X +1
y{TJ=X+|Dg|X|—1

=1

v +1) = x [x +logx - 1)
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Slope of the curve = 2

X
ay _ 2y
dx  x
d—y=gdx
VX
J9Y op Lay
v X
logly| = 2loglx|+logl|
¥ =X?'c———[1]
Itis passing through (3,- 4) so,
—a={3)’c
-4 =9c
4
= ——
=]
Now, equation 1) becomes,
v=—§x2
Oy = —dx 2
Oy +4x” = 0
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Given,

Slope of the equation=x+ 3y - 1
dy

— =x+3¥ -1
o 4
dy

=3y =x-1
iy y=x

Itis alinear differential equation. Camparing it with Z‘—y+P}f =0Q
li¢
F=-30=x-1

IF. = ejPa‘x
_ e[—Sa'x

- e—Sx

Solution of the equation is given by,
vi{IF)=[Q(iF)dy+c
W {9'3") =[x - 1) {e‘Sx)dx +c

—3x
3

v {e—Sx) - [x _1][- %e—Sx] ) [—e

y (7] = —@e‘?“ + [-?]m

]G"X+C

Y= - a3

W] * w3

+ =+
9
It is passing through origin, so

o= D+%+CE'E{D:|

0= —+¢
2

C=-—
9

Now, equation [1) becomes,
- 2 2 Ix
=——4=--=
¥ 3 9 49

Oy = -3y +2 - 28

3y +x) = 2(1—93‘()
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Given,
Slope at point {x,y]) = x +xy

Itis passing through {0,1), 50,
logz =0+c
c=logz

Mow,equation {2] becomes,

2
log |y+ 1] = X?+I|:|g2

2

=
yv+1=282
Differential Equations Ex 22.11 Q24
ay
z z
- PNy — - =0
¥ Xde *
dy _ y2 o2
i Sxy
[tis a homeganeous equation.
put, ¥ =W
d—y—v+xd—v
i ax
N 0w,
aw wEE o xE
W v =
¥ 2w
dv_vi-i
dx v
av vE—1-2y?
ax 2v
dv  —v?-1
=
(et 2w
2w e
vk
o+ 1 M
IDg|v2+1|= -loglx|+logk|
'.=2+1=E
X
vE oy x? _c
x? X

vi+x? o =0
Differentiating it with respect to x,

2X+2yzll—c=lj
ke

gy  c©-2x

e 2y




Let {h,k] be the point where tangent passes through origin and length is equal to
fi. 5o, equation of tangent at [k &) is

v-w=(55),

c-2h
k)= (S22 e
2ky - 2k % = xc - 2hx - ho+ 2R°
xfc-z2h)-2ky + 267 - ho+2R% = 10

X[C—Eh]—zky+2(k2+h2)—hc=EI
xfc-2h)-2ky + 2{ch)-hc =10
[Sir‘n:e 2+ k% =ch as (R k) is on the curue]

xfc-2h)-2ky +hc=10
length of perpendicular as tangent from arigin is
axy +hy,+cC

Ja? b2

toyte - 21) + (0) k) + 1

Jle-2n) + -2 )?

L=

_ ho
ch+4h2+4.f<2—4ch
_ heo

,ch+4{hz+.f<2—ch)

___he
,.||cz+4[lil:]

_he

=

=

Hence,

22 +y? = ox is the required curve
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Let 7 {x,y] be the point of contact of tangent and curve y = £ (). Equation tangent
at P x,y) is

V—y=3—i{X—X}

put ¥ =0
-y = 200 - )
- 5 -)
xex-y &

coordinate of & = [X -y d—X,D]
dy

Given,
Distance between foot of ordinate of the point of contact and the paint
of intersection of tangent and x - axis = 2x

BC =25
z
\{[X—yd—x—x] +[III:]2 = 2x
cy

e

= 2
}”G.y A

& _ Ly

M ¥

(e itg a
(-2

A ¥
logx = 2logy +loge - - - 1)

It is passing through [1,2},
logl=2logZ +loge

-2logZ = loge
lo 1 =logc
g i g
1
o=
4

Put value of ¢ in equation (1),

logx = 2logy +Iug[%]

=i
4
y2=4x
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Equation of normal on pu:uint[x,y] on the curve
—d
Vo= ——[X-x
=g )
Itis passing through(3,0)

D—y=%[3—x}

[y dy =[{3-x)adx

2 2

y—=3X—X—+C———{1]
2 2

It passing through (3,4), so,
E=Q—E+C‘
2 2
1l 9
—=Z+cC
2 2
c=7

Putc =7 is equation (1)

2 2

}“_=3X_X_+E
2 2 2

vl Bx - x24T
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Let 4 be the quantity of bacteria present in culture at any time t and initial quantity
of bacteriais A,

d_"q.x,.q

ar

a4
AR ¥
ar

A _ agr
A

a4

= 1[dt
IA I
logA = #+c----f1)

Initially, 4= Ag,¢=10
logA,=0+c
logdy =c

Now eqution [1) becomes,
logA = At +log Ay

log [Ai] =At----- (2)

a
Given 4 = 24y when ¢ = 6 haurs

A
log|—|=62
g[ﬂn]
|DI§|2=A
&]

Mow equation (2] becomes,

Iug[i] _log2 t

Ag &
Mow, 4 =84,
24
so, I g l':'igt
Ag &
log2
logz? = t
d ]
3logz = 1292+
]
13==¢
Therefore,

Bacteria becomes 8 times in 18 hours
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Let 4 be the quantity of radium present at time ¢ and A, be the initial quantity

of radium.
d_"quxl.q
at
a4
—=-14
ar
94 _ _par
A
A
- adt
(S = -]
logd = -At+c - - - -[2)
Maow, A=Ay when =10
lagA; =0+c
c=logdg

Put value of cin equation
lagA = -t +log A,

|ug[%] = -4t - - - (2]

Given that,
In 25 years bacteria decomposes 1.1%, 50
A=[100-1.1)% = 98.9% = 0,9894,,t =5
|ng[n'989’4°

0
|Dg[D.989] =-254

] =-A25

1
A=-—logfn,989
oz /09(0.989)
Mow, equation {2} becomes,
A 1
log| — | = s—log[0.989) ¢
o[ 72| - {sstoatoses)]
Nn:nwﬂ:lfil,:,
2

A 1
log| - | = ——logfo.959)¢
Dg(z,q] 25 oa( )

-log2 x25

log{0.989)

_D.6931x25
0.01106

t =157 years,

Required time = 1567 years
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Given,

z,,.2
Slope of tangent = Xy
2ay
ay 12 4 2
dx  2xy

Itis a homeganeous equation.

put, o= Wy
dy e
P
I

o'y Rt
av 1yt
ey 2y
a‘_v 1+ w2 -2yt
ey W
v _1-v*
ey W
v dl,.’:d_X

1-w? x
I—Q'V 5 W o= d_X
1-vw X

f —2v2 v=j_2dx
1-v A

Icug|1—v2| =-Zlogx + loge

1-¥_ &
x x?

x%-y® ¢
x? xZ

PEIE

[t is equatian of rectangular hyperbola.
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Given,
Slope of tangent at {x,y)] = x +y

dy
dX—X+y

ay _

=X
o' 4

It is a linear differential equation.Comparing it with Z:—£+Py =
P =-1,Q=x

1Fo=elf
I

dx

=g~ "
Solution of equation is given by,
vi{tF)=TaiF)ax +c
¥ {e'x) = [xe™Fdw +C
e ™" =X(e'x)+[{1xe'x)dx +

[Using integration by parts]

It is passing through origin
0=0-1+ce"”
l1=c

Putc=1is equation

y=-x-1+g"

v+x+l=¢g"
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. d
We know that the slope of the tangent to the curve is d—}f
o

dy _
E—X+X}f
dy
= — - Y =
5 f¥ =Y

This is a linear differential equation of the type 3—:+P}r =10

where P =-% and Q = .
So, S R P
Solution of the given equation is given by
> =
Y. B 2 =I><.e 2 duw+C

_x‘

Let I=I><.e 2 du

2
Let%=t, then -wds=dt or »dx=-dt

=
I=I><.e Z dx=_[—et dt=-g'=-g 2

Substituting the wvalue of Lin [ii], we get

ol el
y.eld =-82 +0C
*
ar ¥ o= -1+Cel

This equation (i) passes through (0,1)
: 1=-1+ce? = c=-2
Substituting the value of Cin (i), we get

xJ

wo= - 1+282
which is the equation of the required curve.
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Given,
Slope of tangent at [x,y) ="
ay _ Lz
aw -
dy = x%dx
[y = [xZdx
3
x
=2 so----1
y =5+ (1)

Itis passing through (-1,1)

1=ﬂ+c
3
l=-—+cC
c=1+l
3
L
[ p—
2

Put iz equation
Y 3

| £

3y=x3+4

Differential Equations Ex 22.11 Q33
Given,
v [Slope of tangent) = x

y2 = %2 452
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Let P {x,y) be the point on the curve y = f (x) such that tangent at # cuts the
coordinate axes at A and 8.
The equation of tangent is,

Put¥ =10
=D x-x
4 dx‘ )
ay _
W e +x =X
Coordinate of 8 = [-y d—y+x,DJ
ax
Here, x intercept of tangent =
—yd_X+X = y
dy
d_X—i = —1
ay y

It is a linear differential equation on comparing it with ;‘_X +py =Q
¥

IF. = el[”l]dy
- elogy
1

¥
Solution of the equation is given by,

x(1F)=|QfiF)dy+c

1 1
) e v
x[i]=-logy +c----(1)
Y
It is passing through (1,1)
1

Z=-logl+c
1 g

c=1
putc = 1is equation (1),

i=—logy+1
¥

x =y-ylogy

x +ylogy =y





