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Q.1: If a and b are two odd positive integers such that a > b, then prove that one of the two
numbers a+b2 % and a-b2 % is odd and the other is even.

Sol:

Given: If a and b are two odd positive integers such that a > b.

To Prove: That one of the two numbers a+b2 % and a-b2 % is odd and the other is even.

Proof: Let a and b be any odd positive integer such that a > b. Since any positive integer is of the
formq, 2q + 1

Let,a=2g+1and b =2m + 1, where, q and in are some whole numbers

a+b2% = (2qH)Ham+)2 (2q+1)+(22m+1)

a+b2 % = 2((g+m)+1)2 w

atb2 % =(q + m + 1) which is a positive integer.
Also,

a—bz% = (2q+1)—(2m+1)2 (2q+1)—(22m+1)

ab2 20 = p(qemyz X

a—b2 % =(q—m)

Given,a>b

2q9+1>2m+1

29 >2m

q>m

Therefore, a—b2 % =(q—-m) >0

Thus, a-b2 a;zb is a positive integer.

Now we need to prove that one of the two numbers a+b2 % and a-b2 a;zb is odd and other is even.

a+tb

i — +b)—(a-b
Consider , a+b2 —— — a—bz% = (a+b)—(ab)2 (a yQ(a )

= 2b _
= 2b27_



Also, we know that from the proof above that a+b2 % and a-b2 % are positive integers.

We know that the difference of two integers is an odd number if one of them is odd and another is
even. (Also, difference between two odd and two even integers is even)

Hence it is proved that if a and b are two odd positive integers is even.

Hence, it is proved that if a and b are two odd positive integers such that a > b then one of the two

+| —b . .
number a+b2 % and a—b2 %ls odd and the other is even.

Q.2: Prove that the product of two consecutive positive integers is divisible by 2.

Sol:

To Prove: that the product of two consecutive integers is divisible by 2.

Proof: Let n — 1 and n be two consecutive positive integers.

Then their productisn(n—1) = n?—n

We know that every positive integer is of the form 2q or 2q + 1 for some integer q.

So let n = 2q
So, n? —n = (29) 2 - (2q)
n?-n=(29)2-(2q)

2

n —n=4q2—2q

nZ—n=2q(2q-1)

n2—n=2r [wherer=q (29— 1)]
n? - n is even and divisible by 2
Letn=2q +1

So,n2—n=(2q+ 1) 2-(2q+ 1)
n2-n=(2q+1) (2q+1)-1)
n2-n=(2q+1) (2q)
n2—n=2r[r=q(2q+1)

2

n“ —n is even and divisible by 2



Hence it is proved that that the product of two consecutive integers is divisible by 2.

Q.3: Prove that the product of three consecutive positive integer is divisible by 6.

Sol:

To Prove: the product of three consecutive positive integers is divisible by 6.
Proof: Let n be any positive integer.

Since any positive integer is of the form 6q or 6q + 1 or 6q + 2 or 6q + 3 or 6q + 4, 6q + 5.
If n = 6q,

n(n+1) (n+2) =6q(6q+1) (6q+ 2),which is divisible by 6

Ifn=6q+1

n(n+1) (n+2) =@q+1) (6g+2) (6q+3)

nin+1) (n+2) =6(@®qg+1) (3q+1) (29 + 1) Which is divisible by 6
lfn=6q+2

nn+1) (n+2) =(6q+2) (6q+3) (6q+4)

n(n+1) (n+2) =12@3q+1) (29+1) (29+3),

Which is divisible by 6.

Similarly we can prove others.

Hence it is proved that the product of three consecutive positive integers is divisible by 6.

Q.4: For any positive integer n, prove that n3 - n divisible by 6.

Sol:

To Prove: For any positive integer n, n3

— n is divisible by 6.

Proof: Let n be any positive integer. n—n= (n=1) (n) (n+1)

Since any positive integer is of the form 6q or6q + 1 or6q+2or6q+ 3 or6q+4,6q+5
If n=6q,

Then,(n—1)n(n+ 1) =(6g—1) 6q (6 + 1)



Which is divisible by 6

fn=6qg+1,

Then, (n—1)n(n+1)=(6q) (6gq+1) (6g+2)
Which is divisible by 6.

Ifn=6q+2,

Then,(n—=1)n(n+1)=(6Gg+1) (6g+2) (69+3)
(n—-1n(n+1)=6(®q+1) (Bg+1) (29+1)
Which is divisible by 6.

Similarly we can prove others.
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Hence it is proved that for any positive integer n, n°— n is divisible by 6.

Q.5: Prove that if a positive integer is of form 6q + 5, then it is of the form 3q + 2 for some
integer q, but not conversely.

Sol:

To Prove: That if a positive integer is of the form 6q + 5 then it is of the form 3q + 2 for some integer
g, but not conversely.

Proof: Letn=6q + 5

Since any positive integer n is of the form of 3k or 3k + 1, 3k + 2
If g = 3k,

Then,n=6q + 5
n=18k +5 (q = 3k)
n=3@®Bk+1)+2
n=3m+ 2 (wherem = (6k + 1))
If g = 3k+ 1,

Then, n = (6q + 5)
n=06@Bk+1)+5) (q=3k+1)
n=18k+6+5

n=18k + 11

n=3(®Bk+3)+2



n=3m + 2 (where m = (6k + 3))
Ifq=3k+2,

Then, n = (6q + 5)
n=(06@Bk+2)+5) (q=3k+2)
n=18k+12+5

n=18k + 17

n=3(6k+5)+2

n=3m + 2 (where m = (6k + 5))

Consider here 8 which is the form 3q + 2 i.e. 3 x 2 + 2 but it can’t be written in the form 6q + 5. Hence
the converse is not true.

Q.6: Prove that square of any positive integer of the form 5q + 1 is of same form.

Sol:

To Prove: That the square of a positive integer of the form 5q + 1 is of the same form
Proof: Since positive integer n is of the form 5q + 1

Ifn=>5q+1

Then n? = (5q + 1) 2

n2=(5q) 2 + 2 (1) (5q) + 12 = 2592 + 10q + 1

nZ = 5m + 1 (where m = (592 + 2q))

Hence n? integer is of the form 5m + 1.

Q.7: Prove that the square of any positive integer is of the form 3m or 3m + 1 but not of the
form 3m + 2.

Sol:

To Prove: that the square of an positive integer is of the form 3m or 3m + 1 but not of the form 3m +
2.

Proof: Since positive integer n is of the form of 3q, 3q + 1 and 3q + 2

If n=3q



n? =3 (3q) 2

n2=3m(m=3q)2

Ifn=3q+1

Then, n? = (3q + 1) 2
n?=(3q) %+ 60 + 1

n? = 9g2 + 6q + 1
n®=3q(3q+1)+1

n? = 3m +1 (where m = (3q + 2) )
fn=3q+2

Then, n? = (3q +2) 2 = (3q) 2 + 12q + 4
n?=9q2 + 12q + 4
n2=3(3q+4q+1)+1
n2=3m+1(whereq=(3q+4q+1))

Hence, n2 integer is of the form 3m, 3m + 1 but not of the form 3m +2.

Q.8: Prove that the Square of any positive integer is of the form 4q or 4q + 1 for some integer q.

Sol:

To Prove: that the square of any positive integer is of the form 4q or 4q + 1 for some integer
g. Proof: Since positive integer n is of the form of 2q or 2q + 1

If n=2q

Then, n? = (2q) 2

n? = 4q2

n? = 4m (where m = qz)

Ifn=2q+1



Then, n? = (2q + 1) 2
n?=(2q) 2+ 4q + 1
n?=4q° +4q + 1
n®=4q(q+1)+1
n?=4q+ 1 (wherem=q (q+ 1))

Hence it is proved that the square of any positive integer is of the form 4q or 4q + 1, for some integer
qg.

Q.9: Prove that the Square of any positive integer is of the form 5q or 5q + 1, 5q + 4 for some
integer q.

Sol:

To Prove: that the square of any positive integer is of the form 5q or 5q + 1, 5q + 4 for some integer
q.

Proof: Since positive integer n is of the form of 5q or 5q + 1, 5q + 4.

If n=5q

Then. n? = (59) 2

n? = 25q2

n?=5 (59)

n? = 5m (Where m = 5q)
Ifn=>5q+1

Then, n? = (5q +1) 2
n? = (5q) 2+ 10q + 1
n? = 25¢2 + 10q + 1
n? = 5q (59 + 2) + 1
It n? = 5q (5q +2) + 1

n? = 5m +1 (where m = q (5q + 2))



Ifn=5q+2

Then, n? = (5q + 2) 2

n? = (5q) 2 + 20q + 4

n? = 2592 + 20q + 4

n? = 5q (5q + 4) + 4
n2=5m+4(wherem=q(5q+4))
Ifn=5q+4

Then, n2=(5q+4)2

n? = (5q) 2 + 40q + 16

n? = 2592 + 40q + 16

n? =5 (5q2 + 8q + 3) + 1

n? =5m + 1 (wherem=5q2+8q+3)

Hence it is proved that the square of any positive integer is of the form 5q or 5q + 1, 5q + 4 for some
integer q.

Q.10: Show that the Square of odd integer is of the form 8q + 1, for some integer q.

Sol:

To Prove: the square of any positive integer is of the form 8q + 1 for some integer q.
Proof: Since any positive integer n is of the form 4m + 1 and 4m + 3

fn=m+1

Then,

n? = (4m+ 1) 2

n? = (4m) 2 + 8m + 1

n® = 16m? + 8m + 1

nZ=8m (2m+ 1) + 1

n? + 8q +1 (where g =m (2m + 1))

fn=4m+ 3



Then, n? = (4m + 3)2

n? = (4m)2 + 24m + 9

n2 = 16m?2 + 24m + 9

n? =8 (2m2 +3m+ 1) + 1

n? = 8q + 1 (where q = (2m? + 3m + 1))

Hence, n2 integer is of the form 8q + 1, for some integer q.

Q.11: Show that any positive odd integer is of the form 6q +1 or 6q + 3 or 6q + 5, where q is
some integer.

Sol:

To Show: That any positive odd integer is of the form 6q + 1 or 6 + 3 or 6q + 5 where q is any some
integer.

Proof: Let ‘a’ be any odd positive integer and b = 6.

Then, there exists integers q and r such that a = 6q + r, 0 < r < 6 (by division algorithm)
a=6qor6g+1or6qg+2or6qg+3orb6q+4

But 6q or 6q + 2 or 6q + 4 are even positive integers.
So,a=6qg+1or6g+3o0r6q+5

Hence it is proved that any positive odd integer is of the form 6q + 1 or 6q + 3 or 6q + 5, where q is
any some integer.



