9. Continuity and Differentiability

Exercise 9A
1. Question

Show that f(x) = x? is continues at x=2.
Answer

Left Hand Limit: Liilzl_f(x) =Li_1121_:==;2

=4

Right Hand Limit: ]lii_l.lzl_fl:x) =}l{141121_x2

=4

f(2)=4

Since, Lil% f(x) =1(2)

- fis continuous at x=2.

2. Question

Show that f(x) = (x24+3x+4) is continuous at x=1.

Answer

Left Hand Limit: lim f(x) =Lii1%_x2 +3x+4
=7

Right Hand Limit: }l{iﬂn}_f(x) =]l{iqn%_x2 +3x+4
=7

f1)y=7

Since, Li_l}} f(x) = f(1)

-. fis continuous at x=1.

3. Question

Prove that
"9
X°—XxX-6
—— whenx #3. .
f(x) = Xx—3 is continuous at x=3
1 5. whenx =3
Answer

LHL: lim f[:X) =lim
x—3- x—3- X—

¥—x—6
X

=lim &2‘_3] [By middle term splitting]

XK—3- Xx—
=limx+2
X—3-
=5

RHL: lim f(x) =]im C—x—6
x—3- .

X—3s X—



=lim %(:_3] [By middle term splitting]

K—=3= X

=limx+2

X—3-
=5
f(3) =5
Since, Li_lg f(x) = f(3)
-. fis continuous at x=3.

4. Question

Prove that
x2_25
——— whenx# 5. .
fx) =4 x—5 is continuous at x=5
10, whenx =3
Answer

LHL: lim f(X) =]im P25
x—5- 1

X—5- K—2

=lim &)1 1By middle term splitting]

X—=3- X—

=limx+5

X—3-

=10

RHL: lim f(x) =]im B35
X—+5- 1

x—5+ X—2

=lim w [By middle term splitting]

x—5- X5
=limx+5
x5+
=10
f(5)= 10
Since, lé_lg f(x) = f(5)

~ fis continuous at x=5.

5. Question

Prove that

. Whenx = 0;

[sin 3x
f(x) = - is discontinuous at x=0

X
} 1. whenx =0
Answer
LHL: lim f(xX) =lim sinax
x=0- x—=0- X
=3
sinnx

[lim—— = n]

Xx—a X



RHL: liI]& f[:x) =liIH sin3x
x—0-

x—=0-

=3

f(0)=1

Since, Lil% f(x) = f(0)

- fis discontinuous at x=0.

6. Question

Prove that

1—cosx
————. whenx =0; .
f(x) T x- is discontinuous at x=0

L whenx=0

Answer

LHL: lim f(x) =]im ===
x—0-

x—=0- X

RHL: lim f(x) = ]im 252
x—0- K

x—0-

f(0)=1

Since, Lil% f(x) = f(0)

- fis discontinuous at x=0.
7. Question

Prove that

J'Z —x, whenx <2; ,
f(x) =- is discontinuous at x=2
2+X. whenx =2

Answer
LHL: lim f(x) =lim 2 + x
X—2- X—2-

=4



RHL: lim f(x) =lim 2 — x
K—=2+ K—=2+
=0
lim f(x) = lim f(x)
X—2- K—=2-
- f(x) is discontinuous at x=2
8. Question

Prove that

JE —x. whenx < 0:
f(x) =- 5 is discontinuous at x=0
X~, whenx =0
Answer
LHL: lim f(x) =lim 3 —x
x—=0- x—=0-
=3
RHL: lim f(x) =lim x*
x—=3- x—=3-
=0
lim f(x) = lim f(x)
X—3- X—=3-
-~ f(x) is discontinuous at x=0
9. Question

Prove that

J' 5x —4. when0<x =1
is continuous at x=1

fxy=+
14)(‘ —3x, whenl<x <2

Answer

LHL: LL”} f(x) =\l(1qn% Ex —4

=1

RHL: Li_l}}_f(x) =31‘i_1.1}_-'-}:x;2 - 3x

=1

f(x)=5x-4 [this equation is taken as equality for x=1 lies there]
f(1)=1

Since, Li_l}l f(x) = f(1)

- fis continuous at x=1.

10. Question

Prove that

) J x—1 whenl=x < 2:
X = .
]

.

is continuous at x=2
2x -3, when2=x =3

Answer

LHL: lim f(x) =limx—1
X—2- X—2-



=1
RHL: Li_l};_f(x) =Jl‘i_1.121_2x -3

=1

f(x)=2x-3 [this equation is taken as equality for x=1 lies there]
f(2)=1

Since, LT% f(x) = f(2)

- fis continuous at x=2.

11. Question

Prove that

J cosx, whenx =0; )
f(x) =- is discontinuous at x=0
—cosX, whenx <0

Answer

LHL: lim f(x) =lim cosx
x—=0- x—=0-

=1

RHL: lim f(x) =lim —cosx
x—=0- x—=0-

=-1

lim f(x) = lim f(x)

x—=0- x—0-

-~ f(x) is discontinuous at x=0

12. Question

Prove that

b=l
. wWhenx =a;, . ,
f(x) T X —a is discontinuous at x=a

1. whenx =a
Answer

LHL: lim f(X) =lim ﬂ
X—a-

x—a- X—a
. —(x—a
=lim ~(x-a)
X—3- X—a
=1
RHL: lim f(X) =lim bx—al
X—a- K—ge X—
. X—a
=lim )
X—3- X—3a

=1

lim f(x) = lim f(x)

X—a- X—a-

-~ f(x) is discontinuous at x=a

13. Question

Prove that



é(X —|x|). whenx = 0:

f(x) =J_

is discontinuous at x=0

2. whenx =0

L.

Answer
s . 1
LHL: j1-:1_1.13_1?(}‘{) _31‘1_1.13_5 (x—|x])
. 1
=lim > (x— (-x))
= lim 2x
x—0-
=0

i =lim 2 (x —
RHL: igl&_f(x) _il_l,]&_z (x—|x])

=£iglg_§ (x—(x)

=0

f(0)=2

Since, Lil% f(x) = f(0)

- fis discontinuous at x=0.

14. Question

Prove that

1
Jsm—. whenx =0;, ,
f(x) =- X is discontinuous at x=0

0. whenx =0
Answer

. . 1
limsin-=0
x—=0 X

sint is bounded function between -1 and +1.
X
Also, f(0)=0
Since, lim f(x) = f(0)
x—=0
Hence, f is a continuous function.

15. Question

Prove that

‘. 2x. whenx < 2;
f(x) = -

2 whenx =2 is discontinuous at x=2

R
x°, whenx = 2:
Answer
LHL: lim f(x) =lim 2x
x—2- x—2-

=4



RHL: lim f(x) =lim x*

X—=2=+ X—=2=+
=4
f(2)=2
Since, ““& f(x) =f(2)

x—r

- fis discontinuous at x=2.
16. Question

Prove that

—x. whenx < 0;

1. whenx = 0: is discontinuous at x=0

f(x) =
1 x. whenx = 0

t

Answer

LHL: }l(iqncl'_f(x) = -X

=0

RHL: Llilzlf (%) =£1_1121x

=0

f(0)=1

Since, Lil% f(x) = f(0)

- fis discontinuous at x=0.

17. Question

Find the value of k for which

sin 2x
. wWhenx = 0: _
f(x) = } Sx is continuous at x=0

2. whenx =0
Answer

Since, f(x) is continuous at x=0

sin2x

= lim—— = f(0)
x—0 22X
1,. sin2x
=-lim——=2A
I x—=0 X

=:-%x2=;~L

b=

= A=

wol e

18. Question

Find the value of A for which

x?-2x -3 1 I
f(x) = } x+1 WHENLX = =L s continuous at x=-1

. whenx =-1

.



Answer

Since, f(x) is continuous at x=0

= lim =22 = 0)
x+1

x—=—1
. —3 x+1
= lim Le2)lett) A
x——1 X+

= lim x—3 =3
x——1

= A=-4
19. Question
For what valve of k is the following function continuous at x=2
"Ex +1, whenx <2
k. whenx =2

3x — 1L whenx =2

.

f(x) = }

Answer
Since, f(x) is continuous at x=2

= 111121 2x+1=1lim3x— 1= f(2)
el

x—2-

= lim 2x + 1= f(2)

x—=2-

=;-k =5
20. Question

For what valve of k is the following function

J-xz -9 _

fx)=4 x—-3° whenx = 3Lis continuous at x=3
}\ k. whenx =3

Ans. k=6

Answer

Since, f(x) is continuous at x=3

= lim i =f(3)

x—3 X—3

= limW =f(3)
x—3 x—3

= lim(x + 3) =f(3)
x—3

=k=9

21. Question

For what valve of k is the following function

ifx =

2| A

kcosx .
T—2X

is continuous at x=

f(x) =

| A

. yis
l 3 ifx=—
2



Ans. k=6

Answer

f is continuous at x = g
= limf(x) = £
K—'; 2

kecosx

= lepl

X——
=

3

m-2x

keos(Z—h)
= lim——%—= 3 [Here x == - h]
h—0 n—Q(E—h] 2

. ksinh
= lim =
h—=0 w—m+2h

ksinh __
zh

= lim 3
h—0

= k= 6
22. Question

Show that function:

+ . 1 .
Jx'sm—. ifx=0 ,
f(x) = - X is continuous at x=0
} 0.1fx=0
Answer
lim f(x) = lim x%sin-
x—=0 w—=0 X

As 1111':1'){2 =0 and sin(i) is bounded function between -1 and +1.
X— X

- limx%sin= = 0
x—=0 X
Also, f(0)=0
Since, lim f(x) = f(0)
x—=0
Hence, f is a continuous function.
23. Question
J' x+L ifx=1L:

Show that: f(x) = l 5 ;
x“+1 ifx <1

is continuous at x=1

Answer
: LHL: lim f(x) =lim x* + 1
x—1- x—1-

=2

RHL: lim f(x) =limx + 1
x—2- x—1-

=2

f(1)=2



Since, lin} f(x) = f(1)
x—r
.. fis continuous at x=1.

24. Question

"is continuous at x=2

Show that: f(x) = ]\ .
x“+1L ifx=2

Answer

: LHL: Li_l};_f(x) =31‘i_1.1}_:x;3 -3
=5

RHL: ii_l.lzl_fl:x) =]l(ii121_x2 +1
=5

f(2)=5

Since, Lil% f(x) = f(2)

- fis continuous at x=2.
25. Question

5. whenx =

Find the values of a and b such that the following functions continuous.. ax +b, when2 <x <10

21 whenx =10

.

Answer

f is continuous at x=2
LI_I.I% f(x) =3}E£1+ f(x) = f(2)
}1(1_1.121_(5) =XIB£1+[aX +b]=5
= 2a+b=5....... (1)

f is continuous at x=10

‘1‘1_1.121 f(x) =3‘IE%1+ f(x) = f(2)

31‘1_1.121_(21) =x111%1+[ax +b] =21
= 10a+b=21 ....... (1)

(1) - (2)

-8a = -16

a=2

Puttingainl

b=1

26. Question



-

{asini(x—l}. X =0
3

Find the values of a and b such that the following functions f, defined as. . is continuous
fanx —simx

L X’

Xx=0

at x=0

Answer

: fis continuous at x=0
lim f(x) = lim f(x

x—=0- [: ) x—=0+ [: )

. . T 1. tanx—sinx
31‘1_1.13_(::151112 (x+ 1)) _311.13314,[7::3 ]

sinx
asin= (0 + 1) = Jj;y [cosm "%
lim ]

2 =0+ X

1
— .. sinx(——=-1)
a = lim [—=esx —
x—=0+ X

]

= i [sinx(;—lj]
x—0+ S

. sinx(1—cosx
= lim ¥]

w04  COSXX

_ sinx . 2sin®

— = 42
lim ]
x—0+4  COSXX

= lim [sin:\-.' .25;i1135] X

. ¥ % COSX
1
=1x2x=-x1
4
_1
2

27. Question

Prove that the function f given f(x)=|x-3|, x € R is continuous but not differentiable at x=3
Answer

f(x)=|x-3|

Since every modulus function is continuous for all real x, f(x) is continuous at x=3.

3—xx<0
f(x) = = !
(x) = f(x) —3x>0
To prove differentiable , we will use the following formula.

lim "0~

K== X—a K—3- X—a

= lim =@ = ¢(a)

L.H.L lim @)

X—a- X—a

x—3-0

= lim
x—3- X—3

. x—3
= lim —
x¥—3-X—3

=1

R.H.L: lim @)

K—3- X—a



3I—x—0

= lim
x—3- X—3

. X
= lim —
x¥—3-X—3

=-1

Since, L.H.L == R.H.L, f(x) is not differentiable at x=5.

Exercise 9B

1. Question

J' 7x+5), whenx = 0;
Show that function f(x) = is continuous function.

} (5-3x). whenx <0

L.

Answer

Given:

f(x) = {(7x+ 5),whenx = 0;
(5 —3x),whenx <0

Let’s calculate the limit of f(x) when x approaches 0 from the right
Jim, f(x) = lim,(7x+5) = 7(0) + 5

=5

Therefore,

xlEIg+ f(x)=r5

Let’s calculate the limit of f(x) when x approaches 0 from the left
Jim_f(x) = lim (5-3x) =5 -3(0)

=5

Therefore,

3‘li_n&_ flx)=-5

Also, f(0) =5

As we can see,

Jim_f(x) = lim, f(x) =f(0) = 5

Thus, we can say that f(x) is continuous function.

2. Question

Jlsinx. ifx < 0:

Show that function f(x) = is continuous.

L x, 1fx=0
Answer
Given:

_[sinx,ifx < 0;
o0 = IS

Left hand limitatx =0



lim f(x)= lim (sinx) = sin(0) = 0
x—=0" x—=0

Therefore,

lim f(x)=0

x—=0"

Right hand limitatx =0

xlﬂ]g+ f(x) = xlg]g+(x) =0

Therefore,

xli_”&+ f(x) =

Also, f(0) =0

As,

lim_f(x) = lim, f(x) =f (0) = 0
Thus, we can say that f(x) is continuous function.

3. Question

Show that function f(x) =

x"—1
—  whenx =1; . .
1 x—1 is continuous.

n, whenx =1
Answer

Given:

flx) = [“n whenx = 1;
nwhenx =1

Left hand limitand x = 1

11111 flx) = 1111 f(1—h) = l1m {1-h)"-1

o (1-h}-1
, 1-h)"-1 . 1-h)}"-1 . 1-h}"—1
lim a1 lim L i lim — a-m -
h—=0o 1-h-1 h—=o -—-h h—0
. (1-h)"—1 . .
= —lim (Because limc.f(x) = clim f(x))
h—=o0 h x—a x—a

Applying L hospital’s rule (11111 19 _ gy £ )

x—a glx) *-.'—-a gl (x)

_ _30-1
—n Q-7 —[-n(1-0)™%]=n

= —lim
h=o0
Right hand limitand x = 1

lim f(x) = 1111 f(1+h) = (a+h)7-1
x =1 =) ( ) = llElg (1+h)—1

. (1+h)"-
= lim
h—=0 1+h-1 h—=0 h

Applying L hospital’s rule (11111 ™ _ lim B )

x—a B(x) x—a g'(x)

. n(1+h)™ 1
= lim nG+y

—

= [(1+0)*1]=n

Also, f(x) = natx =1



As we can see that 11411111_ f(x)

Thus, f(x) is continuous at x

4. Question

YLl.nl;r f(x) =f(x)

1

Show that sec x is a continuous function.

Answer

Let f(x) = sec x

1

COSX

Therefore, f(x) =

f(x) is not defined when cos x = 0

And cos x = 0 when, x =§ and odd multiples of% like —

Let us consider the function

f(a) = cos a and let c be any real number. Then,

311—1—1:;1"' f(a) = EE}; f(c+h)

1llimg-:-::os(u: +h) = 11111110[1205 ccosh — sincsinh]

cos c (1) - sin c (0)
Therefore,

Jim, f(a) = cos c
Similarly,

a11_1}51_ f(a) = f(c) = cos ¢

Therefore,

cos c lim cosh - sjn ¢ lim sinh
h—o0 h—0

lim_f(a)= lim, f(a) = f(c) = cos c

So, f(a) is continuous at a =

C

Similarly, cos x is also continuous everywhere

Therefore, sec x is continuous on the open interval (

5. Question

Show that sec |x| is a continuous function

Answer

Let f(x) = sec |x]| and a be any real number. Then,

Left hand limitat x = a

lim f(x) = lim sec|x| = lim sec|a —h| = sec|a|
X—a~ h—0

x—a”

Right hand limitat x = a

lim f(x) = lim sec|x| = lim sec|a + h| = sec|a
lim, () = lim, sec|x| = lim sec|a+h| = seclal

Also, f(a) = sec |a|

L
2

m T

2

:13)



Therefore,

lim f(x) = lim f(x) =f(a)

X—a
Thus, f(x) is continuous at x = a.

6. Question

Jl(l—x}. whenx =1;

Show that function f(x) = is continuous.

l X, when0=x =1.
Answer

We know that sin x is continuous everywhere
Consider the point x = 0

Left hand limit:

Kl_i.nol_f(:x;) = lim (%”) = lim (%} = lim (_Si:h) =1

h—=0

Right hand limit:

Kl_i.1101+f(3==;) = lim, (Sinx) = lim (L(Mh]) = lim (Sj;h) =1

x— 0 X h—0 0+h

Also we have,

f(0) = 2

As,

xl_i.ng_f(x) = xllI]c}+f(X) + f(0)

Therefore, f(x) is discontinuous at x = 0.
7. Question

Discuss the continuity of f(x) = [x].
Answer

Let n be any integer

[x] = Greatest integer less than or equal to x.
Some values of [x] for specific values of x
[31=3

[4.4]=4

[-1.6] =-2

Therefore,

Left hand limit at x = n

lim f(x) = lim [X]=n-1
X—=n X—=n

Right hand limitat x = n
Jim, 169 = Jim, [ = n
Also, f(n) =[n] =n

As lim f(x) = lim f(x)



Therefore, f(x) = [x] is discontinuous at x = n.
8. Question
JI(QX ~1), ifx < 2;

3Ix is continuous.

Show that f(x) = -
} X ifx =2

-

L -

Answer

(2x—1),ifx< 2;

Given function f(x) =
) [ ?,H"xzz

Left hand limitat x = 2

lim f(x)= lim (2x—1)=2(2)-1=3
x—=27 x— 2

Right hand limitat x = 2

| _ qim 2230
xll1121+ f(x) Y11_1.112 . . 3

Also,
f(2)=2%=3

As

K111121_ f(x)= xl_i.nzl+ f(x)=16(2)=3
Therefore,

The function f(x) is continuous at x = 2.
9. Question

J'x. if x=0;
| 1Lifx=0

L.

Show that f(x) = - is continuous at each point except 0.

Answer

Given function is f(x) = {X:f_fX¢ 0;
Lifx=10

Left hand limitatx =0
xl_l.ng_ f(x) = 1111_1}%' flo—h)= 1111_1.]}) f(—-h)=0
Right hand limitatx =0

Kl_i.nt}+ f(x)= limf(0+h) = 1111_1.1}] fflh)=0

h—0
Also,

f(0)=1

As,

J_.jlt]]l_ f(x) = Kl_i.nt}+ f(x) = f(0)

f(x) = x for other values of x expect 0 f(x) = 1,2,3,4...
Therefore,

f(x) is not continuous everywhere expect at x = 0



10. Question

Locate the point of discontinuity of the function

fu)=J[3_X2_2X—2lifx¢L

Answer

(x3—x?+2x—-2),ifx= 1

Given function f(x) = { ;
4ifx=1

Left hand limit at x = 1: lim f(x) = KllIlf_(Xg —-x*+2x-2)
= En}]{(l —h)P¥*- (1-h)?+2(1—h)-2}

— 1i _ 3 _ 1 _ 2 : _ o

= %111#1(1](1 h) %111#1(1](1 h)®+ 21111_1.101(1 h) —2
=1-1+2-2

=0

Right hand limit at x = 1: wl_i.nllj(x) = Kl_i.1111+(x3 —-x?+2x-2)
= En}]{(l +h)*— (1+h)?+2(1+h)—-2}

RT 3_ 1 2 ; _
= %1111(1](1+h) EE}](1+ h) +21111_1.101(1+h) 2

=1-14+2-2
=0
Also, f(1) = 4

As we can see that,
lim f(x) = lim f(x) = f(1)
x— 1~ x— 1T

Therefore,

f(x) is not continuous at x =1

11. Question

Discus the continuity of the function f(x)= |x|+]|x-1] in the interval of [-1, 2]
Answer

Given function f(x) = |x| + |x - 1]

A function f(x) is said to be continuous on a closed interval [a, b] if and only if,

(i) fis continuous on the open interval (a, b)
(i) lim, f(x) = f(a)
X—a
(iii) lim f(x) = f(b)
x—b~
Let’s check continuity on the open interval (-1, 2)
As-1<x<?2
Left hand limit:

Jim_f(x) =lm{[-1 —h[ +|(-1—h) — 1]}



=|-1-0] + |[(-1-0) - 1|
=142

=3

Right hand limit:

xlghf(x) = EEE'{|2+ h|+ |[{(2+h) — 1|}

=[2| + |2 - 1]

=2+1

=3

Left hand limit = Right hand limit
Herea=-land b =2
Therefore,

Jim () =lim {{~1 +h| +[(=1+h) — 1]}

=[|-14+0]|+|(-1+0)-1]

=|-1| +|-1-1]

=1+2=3

Also f(-1) = |-1| + |-1-1|=1+2=3
Now,

Jim f(x) = lim {|2—h| +[(2—h) = 1]}

=12-0|+[|(2-0)-1]
=|2]+1]2-1]

=2+1=3

Alsof(2) =|2| +|2-1|=2+1=3
Therefore,

f(x) is continuous on the closed interval [-1, 2].

Exercise 9C
1. Question

Show that f(x) = x3 is continuous as well as differentiable at x=3.

Answer

Given:

f(x) = x3

If a function is differentiable at a point, it is necessarily continuous at that point.
Left hand derivative (LHD) at x = 3

lim S _ g, fEWHE)

x—3~ K—3 h—0 (3-h)-3
. 3-h)?-3? , 3-h)*-27 , h{{2-h)*+3(3-h)+2
= 11111¥= llm¥ = lim — L }
h—0 (3-h)-3 h—0 -h h—0 h

lim —{(3—=h)?+3(3 —h) +9} = lim — [-{—(3 - 1)*—3(3 —h) - 9]]



=%1int1}—{—h2+9h—27}= E115h2—9h+2?=02—9(0)+27=27

Right hand derivative (RHD) at x = 3

£()—£(3) _ I f(3+h)—£(3)

x—3t x-3 h—0 (3+h)-3
. 3+h)3- 32 . 3+h)®-27 . h{(3+h}2+3(3+h)+2
= 11111L= 11111( ) = lim {E+0)7+3(E+h)+9)
h—0o (3+h)-3 h—0 h h—0 h

= En}]{(3+h)2 +3(3+h)+9} = Lin}](3+ h)2+3(3+h)+9
= En}]{hE +9h +27} =02 +9(0) +27 = 27

LHD = RHD

Therefore, f(x) is differentiable at x = 3.

1111 f(x) = 1111 x*=3%*=27

Also, f(3) =

Therefore, f(x) is also continuous at x = 3.

2. Question

Show that f(x) = (x-1)1/3 is not differentiable at x=1.
Answer

Given function f(x) = (x-1)}/3

LHD atx =1

1 1
. f('{] foo-f(1) _ o f(1-h)—£(1) T {(1-h)-1}a(1-1)z
lim f(x) = lim ——= = lm == "= = lim =—"—"——

11
= lim (-h)z(0)z _ 0 = Not defined
h—0 ~-h

=]

RHDatx =1

mx) 1) _ gy T+ _ 1H11{(1+hj—1}$(1—1j§
h—0 (1+h)-1  h—p  (1+h)-1

lHIIL f(x) = 11111

11
(-hjz(@)2 _ 0 = Not defined

= lim
h—=0 -h

=]

Since, LHD and RHD doesn’t exists

Therefore, f(x) is not differentiable at x = 1.

3. Question

Show that constant function is always differentiable
Answer

Let a be any constant number.

Then, f(x) = a

f'(x) =

f(‘(+h] fi(x)

We know that coefficient of a linear function is

_ ¥z—¥V1
Ko —Xp

=l



Since our function is constant, y; = vy,

Therefore,a =0

Now,

f'{x) = 11111— = LIEE'% = EE};O =0

Thus, the derivative of a constant function is always 0.

4. Question

Show that f(x) = |x-5] is continuous but not differentiable at x=5
Answer

Left hand limit at x =5

lim [x — 5] =lim(5—x)=0

X—= o X—=2o

Right hand limitat x =5

lim |x — 5| = lim(x—5) =0
X—= o

K—=2
Alsof(5) =|5-5|=0
As,
11111 f(x)= 1111 (%) = (5)
Therefore, f(x) is continuous at x =5

Now, lets see the differentiability of f(x)

LHD atx =5

. fx)— (a] . f(5-h)-f(5) 5—(5-h)|-I5-5] _ _bh_ _
=T = m = my=
RHD atx =5

11111 M= limw— hmw— 11111£= 1
x— 5T x—3 h—0 5+h-5 h—0 h h—-oh

Since, LHD # RHD
Therefore,
f(x) is not differentiable at x = 5

5. Question

f (2-x). whenx =1
Let f(x) = -
]\ X. whenO=x =1.
Show that f(x) is continuous but not differentiable at x=1
Answer

Left hand limitatx =1

L1n1 f(x) = 1111x =1

f(x) = x is polynomial function and a polynomial function is continuous everywhere
Right hand limitatx =1

EIH f(x) = Li_l}}(z— )=02-1)=1



f(x) = 2 - x is polynomial function and a polynomial function is continuous everywhere
Also, f(1) =1

As we can see that,

%._1.131 f(x) = EIH f(x) = f(1)

Therefore,

f(x) is continuous at x =1

Now,

LHD atx =1

lim D i 2t im i m1=1

x—= 1" -1 x—1x—1 x=11 x—=1

RHDatx =1

lim SO _ gy 2@ oy 22X gy 26D
x— 1t x-1 x—=1 x-1 x—1 X— x—=1 X-

. 1 .

lim—--=Ilim—-1=-1

x—=1 x—=1

As, LHD = RHD

Therefore,

f(x) is not differentiable at x = 1

6. Question

Show that f(x) = [x] is neither continuous nor derivable at x=2.
Answer

Left hand limitat x = 2

Kl_i.nzl_ f(x) = Illiil}]f[z— h) = rllii]})[z_ h] = rllii]h 1=1

Right hand limitat x = 2
31_1.1121+f(x) = 1111—?%'“2_'_ h) = 1111_1}%'[2+ h] = 1111_13}Jl 2 =2
As left hand limit = right hand limit

Therefore, f(x) is not continuous at x = 2

Lets see the differentiability of f(x):

LHD atx =2
. f(x) —f(2) " f(x —h) — f(2) . f(2—h) —f(2)
im ——=1lim ———=lim ——
x=2" X—2 h—0o (x—h)—2 h—o (2—-h)—2
¥ 1-2
e h
. (-1)
am ooy T
RHD atx =2
, f0)—f(2) _ . flx+h)-f(2) . fl2+h)-f@2) _ . 2-2
3._-1_1.117:1"' x—2 11,1_1.1}; (x+h}-2 11113}3 (z+h)-2 11,1_1.1}; h
. 1]
jim = 0

As, LHD = RHD



Therefore,

f(x) is not derivable at x = 2
7. Question

Show that function

J' (1-x), whenx <1
is continuous but not differentiable at x=1

) = ] (x3 _1). whenx =1.

Answer

(1—x),whenx < 1;
(x?—1),whenx = 1.

Given function f(x) = {
Left hand limit at x = 1:

}_i.nll_f(x) = :1(1_1}11(1 —x)=1—-1=0
Right hand limit at x = 1:

314_1.1111r f(x) = Liﬁml(:x;2 -1)=12-1=0
Also, f(1) =12-1=0

As,

}_1.1111_ f(x) = x[.illlgr f(x) = f(1)
Therefore,

f(x) is continuous at x = 1

Now, let’s see the differentiability of f(x):

LHD at x = 2:
Lim T2 gy B072) gy DR gy T2
X 2_ x- x—= 2 x- x—=2 X— x—=2 X2
11111 -1= -1
'\(—o
RHD at x = 2:
— — — —1— 2_
Lim feot@) _ (K 1) {2 Y _ hm = im 2=
x— 2t x-— 3-.-—- 2 X x—2 x— 2 X2
Z_ a2
= lim === 11111 (x=2)642) _ 11111 (x+ 2)=2+2=4
x—=2 x-2 x—=2

As, LHD # RHD
Therefore,

f(x) is not differentiable at x = 2
8. Question
J{Z—x}ifxe&

| (2-x). ifx<0

-

Let f(x) = Show that f(x) is not derivable at x=0.

Answer

(2+x),ifx=0;

Given function f(x) = {[:2 —x).ifx < 0,



LHD at x = 0O:

Lim fef00) _ lim =) _ lim —
x= 0" x- x=0 x-0 x—=0 X
=lim-1= -1

x—=0
RHD at x = 0:
Lim, fef00) _ lim @) _ lim-=lim1=1
x—pt x— x=0 x-0 x—=0X x—=0

As, LHD = RHD

Therefore,

f(x) is not differentiable at x = 0
9. Question

If f(x) = |x| show that f'(2)=1
Answer

Given function is f(x) = |x|

LHD at x = 2:

. f(x)—f(2 . f(z—h)—f(2 . |2=h|-]2 . -h
LIIHM= hmﬁ= hmw= lim —
x—=2- x-Z h—-o0 2-h-2Z h—=0 -h h—o-h
liml=1
h—o0
RHD at x = 2:

. f(x)—f(2 . f(z+h)—f(2 . |2+h|-]2 . _h
LIIHM= hmﬁ= hmw= lim —
x—s 21T x-2 h—o0 2+h-2 h—0 h h—oh

limli=1
h=>0
As, LHD = RHD

Therefore, f(x) = |x| is differentiable at x = 2

Now f'(2) = lim T 109 _ iy lz+hi-2] _ im2=lim1=1
h—o0 h h—o0 h h—-oh h-o

Therefore,

f'(2)=1

10. Question
Find the values of a and b so that the function

0 J(x —3x—a). whenx = L
X) = ] '

is differentiable at each x e R
(bx+2). when x >1

Answer

It is given that f(x) is differentiable at each x e R

Forx =1,

f(x) = x2 + 3x + a i.e. a polynomial

forx > 1,

f(x) = bx + 2, which is also a polynomial



Since, a polynomial function is everywhere differentiable. Therefore, f(x) is differentiable for all x > 1 and for
all x < 1.

f(x) is continuous at x =1

312111_ f(x) = JHIIL f(x)=1(1)

Linll(:x;2 +3x+a)= lin}(bx+ 2)=1+3+a
X— X—
12+3(1)+a=b(1)+2=4+a
4+a=b+2

a-b+2=0..(1)

As function is differentiable, therefore, LHD = RHD

LHD at x = 1:

. fix)—£(1 . X +3x+a—(4+a . X2 43x—4 . x+4)x—-1
Lim 0-f) _ lim (+a) _ lim = hmw
x—=1— X— x—1 x—1 x—1 X— x—1 x—1

= lin}(x+ 4)=1+4=5
X—

RHD at x = 1:

. flx)—f(1) . (bx+2)—(d+a ., bx—2-a . bx—b . bix—1
Lim = lim (4+a) _ lim = lim = 11111g
x—=1— x-1 w—1 X— x—=1 x-1 w—1 x—1 x—1 x—1

= limb=>b
x—=1

As, LHD = RHD
Therefore,
5=D

Putting b in (1), we get,

a-b+2=0
a-5+2=0
a=3
Hence,

a=3andb=5
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