26. Fundamental Concepts of 3-Dimensional Geometry

Exercise 26
1. Question

Find the direction cosines of a line segment whose direction ratios are:

(2.-6,3
(i) 2,-1, -2,
(iii) -9, 6, -2
Answer

(i) direction ratios are:- (2, -6, 3)
So, the direction cosines are- (I, m, n), where, 1> + m?* + n®> = 1,
So, I, m, and n are:-
2
T J2Z+(-6)% +32

6
V22 + (—6)2 + 32

m=—
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J22+(—6)2 + 32

a ) 2 63
,m,n) = (7, 7,7)

H : . 2 6 3
The direction cosines are:- (;,— ;,;)

(ii) direction ratios are:- (2, -1, -2)
So, the direction cosines are:- (I, m, n), where, 12 + m? + n? = 1,
So, |, m, and n are:-
2
V22 (D2 + (-2)?

-1
J2ZZ+ D2+ (—-2)2

m=—

-2
V22 (D2 + (-2)°

2 1 -2
(Lm,n) = (3,

37373

. . . 2 1 -2
The direction cosines are:- (5,— 5’?)

(iii) direction ratios are:- (-9, 6, -2)
So, the direction cosines are- (I, m, n), where, 12+ m2 + n2 =1,

So, I, m, and n are:-



9
J(=9)2 +62 + (—2)2

6
JEOTF 62+ (—2)2

m=

-2
J(=9)2 + 62+ (—2)2
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a ) -9 6 -2
A TRTIETE
. . . -9 6 —2
The direction cosines are:- (—,—.—)
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2. Question

Find the direction ratios and the direction cosines of the line segment joining the points:
(i)A(1,0,0)and B(O, 1, 1)

(ii) A(5, 6, -3) and B (1, -6, 3)

(i) A (-5, 7, -9) and B (-3, 4, -6)

Answer

Given two line segments , we have the direction ratios,

Of the line joining these 2 points as,

AB = -1 + ] + k, (direction ratio)

The unit vector in this direction will be the direction cosines, i.e.,
Unit vector in this direction is:- (-1 +j + k)/\/3

. . . 1 1 1
The direction cosines are (——,—,—=)
\-'3 \-'3 \-'3

(ii) Given two line segments , we have the direction ratios,
Of the line joining these 2 points as,

AB = -41 + (-12)j + 6k

The direction ratio in the simplest form will be, (2, 6, -3)

The unit vector in this direction will be the direction cosines, i.e.,

Unit vector in this direction is:- (21 + 6] -3k)/ vfgz + 62 +(—3)2
. . . 2 6 3
The direction cosines are (;,;,—; )

(iii) Given two line segments , we have the direction ratios,
Of the line joining these 2 points as,
AB = 2i - 3j + 3k, (direction ratio)

The unit vector in this direction will be the direction cosines, i.e.,

Unit vector in this direction is:- (21 -3j + 3k)/ /22 + (—3)2 + 32

. . . 2 3 3
The direction cosines are (—=, ——,—)
V22 V227 422



3. Question

Show that the line joining the points A(1,-1, 2) and B(3, 4, -2) is perpendicular to the line joining the points
C(0, 3,2)and D (3, 5, 6).

Answer

Given: A(1, -1, 2) and B(3, 4, -2)

The line joining these two points is given by,
AB = 2i + 5j -4k

C(0, 3, 2) and D(3, 5, 6),

The line joining these two points,

CD = 3i + 2j +4k

To prove that the two lines are perpendicular we need to show that the angle between these two lines isg

So, AB.CD = 0 (dot product)

Thus, (2i + 5j -4k). (3i + 2j +4k) =6 + 10-16 = 0.
Thus, the two lines are perpendicular.

4. Question

Show that the line segment joining the origin to the point A(2, 1, 1) is perpendicular to the line segment
joining the points B(3, 5, -1) and C(4,3, -1).

Answer

Given: O(0, 0, 0) and A(2, 1, 1)

The line joining these two points is given by,
OA =2i+j+k

B(3, 5, -1) and D(4, 3, -1),

The line joining these two points,

BC =i-2j +0k

To prove that the two lines are perpendicular we need to show that the angle between these two lines isg

So, OA.BC = 0 (dot product)

Thus, (2i +j +k). (i-2j+0k)=2-2+4+0=0.
Thus, the two lines are perpendicular.

5. Question

Find the value of p for which the line through the points A(3, 5, -1) and B(5, p, 0) 9 is perpendicular to the line
through the points C(2, 1, 1) and D (3, 3, -1).

Answer

Given: A(3, 5, -1) and B(5, p, 0)

The line joining these two points is given by,
AB = 2i + (p-5)j + k

C(2,1, 1) and D(3, 3, -1),

The line joining these two points,

CD =i+ 2j-2k



As the two lines are perpendicular, we know that the angle between these two lines isg

So, AB.CD = 0 (dot product)

Thus, (2i + (p-5)j + k) .(i + 2j - 2k) = 0.

02+2(p—5)—-2=0

Op=5

Thus, p = 5.

6. Question

If O is the origin and P (2, 3,4) and Q (1, -2, 1) be any two points show that OP| OQ.
Answer

Given O(0, 0, 0), P(2, 3, 4) So, OP = 2i + 3j + 4k

Q(1,-2,1),50,0Q=i-2j+k

To prove that OP | OQ we have,
OP.0OQ = 0, i.e. the angle between the line segments isg

So, the dot product i.e. |OP||OQ]|cos8 = 0,cos8 = 0,
OP.0Q =0

Thus, 2i + 3j+4k).(i-2j+k)=2-6+4=0
Hence, proved.

7. Question

Show that the line segment joining the points A(1, 2, 3) and B (4, 5, 7) is parallel to the segment joining the
points C(-4, 3, -6) and D (2, 9, 2).

Answer

Given A(1, 2, 3), B(4, 5, 7), the line joining these two points will be
AB = 3i + 3j + 4k

And the line segment joining, C(-4, 3, -6) and D(2, 9, 2) will be

CD = 6i + 6j + 8k

If CD = r(AB), where r is a scalar constant then,

The two lines are parallel.

Here, CD = 2(AB),

Thus, the two lines are parallel.

8. Question

If the line segment joining the points A(7, p, 2) and B(q, -2, 5) be parallel to the line segment joining the
points C(2, -3, 5) and D(-6, -15,11), find the values of p and q.

Answer

Given: A(7, p, 2) and B(q, -2, 5), line segment joining these two points will be, AB = (g-7)i + (-2-p)j + 3k
And the line segment joining C(2, -3, 5) and D(-6, -15, 11) will be, CD = -8i - 12j + 6k

Then, the angle between these two line segments will be 0 degree. So, the cross product will be 0.

ABxCD =0



0 ((g-7)i + (-2-p)j + 3k)x(-8i-12j + 6k) =0

Thus, solving this we get,

p=4andg=3

9. Question

Show that the points A(2, 3, 4), B(-1, -2, 1) and C (5, 8, 7) are collinear.

Answer

We have to show that the three points are colinear, i.e. they all lie on the same line,

If we define a line which is having a parallel line to AB and the points A and B lie on it, if point C also satisfies
the line then, the three points are colinear,

Given A(2, 3, 4) and B(-1, -2, 1), AB = -3i - 5j -3k

The points on the line AB with A on the line can be written as,

R=(2, 3, 4) +a(-3, -5, -3)

Let C = (2-3a, 3-5a, 4-3a)

0 (5, 8, 7) = (2-3a, 3-5a, 4-3a)

0 Ifa=-1, then L.H.S = R.H.S, thus

The point C lies on the line joining AB,

Hence, the three points are colinear.

10. Question

Show that the points A(-2, 4.7), B(3, -6. -8) and C(1, -2, -2) are collinear.
Answer

We have to show that the three points are colinear, i.e. they all lie on the same line,

If we define a line which is having a parallel line to AB and the points A and B lie on it, if point C also satisfies
the line then, the three points are colinear,

Given A(-2, 4, 7) and B(3, -6, -8), AB = 5i - 10j -15k

The points on the line AB with A on the line can be written as,

R=(-2,4,7) +a(5, -10, -15)

Let C = (-2+5a, 4-10a, 7-15a)

0 (1, -2,-2) =(-2+5a, 4-10a, 7-15a)

0 If a = 3/5, then L.H.S = R.H.S, thus

The point C lies on the line joining AB,

Hence, the three points are colinear.

11. Question

Find the value of p for which the points A(-1, 3, 2), B(-4, 2, -2), and C(5, 5, p) are collinear.
Answer

We have to show that the three points are colinear, i.e. they all lie on the same line,

If we define a line which is having a parallel line to AB and the points A and B lie on it, as the points are
colinear so C must satisfy the line,

Given A(-1, 3, 2) and B(-4, 2, -2), AB = -3i - j -4k

The points on the line AB with A on the line can be written as,



R = (-1, 3, 2) +a(-3, -1, -4)

Let C = (-1-3a, 3-1a, 2-4a)

0 (5,5, p) =(-1-3a, 3-1a, 2-4a)

0 As L.H.S = R.H.S, thus
05=-1-3a,a=-2

Substituting a = -2 we get, p = 2-4(-2) = 10
Hence, p = 10.

12. Question

Find the angle between the two lines whose direction cosines are:

3 _1 e | % “» 6
- ] [o R ——
33 3 T 77
Answer
Let

2, 1, 2
Rl_EI —g] —gk

And Ry =21+ 2j+ 2k
7 7 7
Ri1.Ry = |R;||R2|cosB

Here, as R1 and R2 are the unit vectors with a direction given by the direction cosines hence, |R1| and |R2|
are 1.

So, cosh = R;.Ry /1

_ 8
08 =cost1——
21

. . _ 8
The angle between the lines is cos ™ — o

13. Question

Find the angle between the two lines whose direction ratios are:
a,b,cand(b-c), (c-a), (a-b).

Answer

The angle between the two lines is given by

R,.R,
IRy IRz

cosb =

where R; an R, denote the vectors with the direction ratios,

So, here we have,
R; = ai + bj + ck and Ry = (b-c)i +(c-a)j + (a-b)k

_ a(b—c)+b(c—al+ecia—h) -
cosh = JaZ+bZ+c? [(b—c)2+(c-a)2+(a—Db)2 =0

cosb =0

T
Hence, 6 = 2



14. Question

Find the angle between the lines whose direction ratios are:
2,-3,4and 1, 2, 1.

Answer

The angle between the two lines is given by

R..R,

IRy IR,

cosh =

where R; and R, denote the vectors with the direction ratios,

So, here we have,
Ry =2i-3j+4kand R, =i+2j+k

2-6+4

cosB = 7 =0
6 V22H(—3)2+47 /12422412

cosb =0
Hence, 6 = g

15. Question

Find the angle between the lines whose direction ratios are:

1,1,2and (43 -1).(—~f3-1).4

Answer

The angle between the two lines is given by

R,.R,
IRy IRz

cosb =

where R; and R, denote the vectors with the direction ratios,
So, here we have,
Rl=i+j+2kand R2 =43 -1)i-(y3+1)j + (4)k

V3—-1—3-1+8 &
\-"E . \-'ﬂ

coso = ———— [ = —
0 q12+12+22J(ga—1]2+(—(g3+1n2+42

1
cosf ==
2

Hence, 0 = g
16. Question
Find the angle between the vectors 1 — (31— jj +k)and 1 = (4i+ 5] +7k)

Answer

The angle between the two lines is given by

R,.R,
IRy IRz

cosbh =

where R; and R, denote the vectors with the direction ratios,

So, here we have,

R1 = 3i-2j + kand R2 = 4i + 5j + 7k



12-10+7 9

cosB = =
V3ZH(—2)2+12 42452472 V14450

3

==

243

cosh =

L4}

Hence, 8 = cos ™1 ——
2435
17. Question
Find the angles made by the following vectors with the coordinate axes:
M (-j+k)
(i) (j-1)
(iif) (1— 4]+ 8k)
Answer

(i) The angle between the two lines is given by

R..R,
IRy |IRz|

cosh =

where R; and R, denote the vectors with the direction ratios,

So, here we have,

R1 =i-j+ kand R2 =i for x- axis

5 1-0+0 1
s =————==—=
JIFH(-1EH12IE 3

A=

w

cosh =
N

Hence, B = cos™t

-
ol

With y- axis, i. e. R2 =]

5 0-1+40 1
cosu = JIZe(-1)241212 T 43
1
cosfh = ——
V3

Hence, 6 = cos‘l(—%)
7

With z- axis, i.e. R2 =k

5 0-0+41 1
CoOSb = ooz veE V3

A=

w

cosh =
N

Hence, 6 = cos‘l(%)
7

(ii) The angle between the two lines is given by

R..R,
IRy |IRz|

cosh =

where R; and R, denote the vectors with the direction ratios,

So, here we have,



R1 =j- k and R2 =i for x- axis

5 0-0+0 B
COSY = s EvE
cosB =0

il
Hence, 0 = 3

With y- axis, i. e. R2 =j

5 0+1+40 1
cost = JoZeZe(—1)2VIE T 2
1
cosh =—
v 2

il
Hence, B = "

With z- axis, i.e. R2 =k

5 0+0-1 1
cosb = JoE+Z+—(1)2VE T 43
1
cosf = ——=
V2

3
Hence, B = Tﬂ

(iii) The angle between the two lines is given by

R,.R,
IRy IRz

cosb =

where R; and R, denote the vectors with the direction ratios,

So, here we have,
R1 =i-4j + 8k and R2 =i for x- axis

1-0+0 1

cos = J12+(—4)2+82 V12 Bl

1
cosf ==
9

-1 1

Hence, 6 = cos 5

With y- axis, i. e. R2 = j

5 0—4+0 4
COSY = TErcaziezveE | o
1
cosf = —-
9

Hence, 6 = cos‘l(—g—t)

With z- axis, i.e. R2 = k

5 0-0+8 i
COSY = T=rCazretvE 9
g
cosb = -
9

Hence, 6 = cos‘l(g)

18. Question



Find the coordinates of the foot of the perpendicular drawn from the point A(1, 8, 4) to the line joining the
points B(0, -1, 3) and C(2, -3, -1).

Answer

Given: A(1, 8, 4)

Line segment joining B(O, -1, 3) and C(2, -3, -1) is

BC =2i-2j-4k

Let the foot of the perpendicular be R then,

As R lies on the line having point B and parallel to BC,
So, R = (0, -1, 3) + a(2, -2, -4)

R(2a, -1-2a, 3-4a)

The line segment AR is

AR = (2a-1)i + (-1-2a-8)j + (3-4x-4)k

As the lines AR and BC are perpendicular thus, (as R is the foot of the perpendicular on BC)
AR.BC =0

0 2(2a-1) + (-2)(-9-2a) + (-4)(-1-4a) =0
024a+20=0

3

0da=-—
&

Substituting a in R we get,

19

2
R(— ’5’?)

[N
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